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Abstract

We give mathematical descriptions of some cone barriers and oracles for Hypatia’s predefined cones.
This document is a work in progress. It is not complete, up-to-date, or notationally consistent with our
code implementations (see Hypatia’s cones folder). It has not been thoroughly checked for mistakes and
typographical errors, and some results may be missing sources. Note that our code implementations of
most cone oracles are tested using automatic differentiation (see test/runconetests.jl).
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1 Notation

cl

R7 RZv R>’ IR<

Rd7 Rdl ><d2

S, S‘é, Sf_

[d]

Diag

diag

I(d)

e

[l

det

tr

sd(d)

vec ; Rdi1xdz _y Rdidz
maty, 4, : Rd1d2 _y Rdrd2
vec : §¢ — Rsd(d)

mat : R34(@) _ §d

oi(")

Wi, W e R xd2

Wi, W E R4

5(i.5) or 8,5, k)

p(i, j)

symm, skron, gkron, akron,
mkron, sdot, sdotkron

Vf

Vo, f

v%ui,wjf
i}i,wj,wkf

v72

U}i,w]‘

closure of a set

the reals, nonnegative reals, positive reals, negative reals

the d-dimensional real vectors and d;-by-do-dimensional real matrices
symmetric, positive semidefinite, positive definite matrices of side d
{1,2,....d}

the diagonal matrix of a given vector

the diagonal vector of a given square matrix

identity matrix in R4*¢

1th unit vector

£p-norm (for p > 1) of a vector

determinant of a symmetric matrix

matrix trace

equals %

maps matrices to vectors by stacking columns

inverse of vec

maps matrices to vectors by stacking columns of the upper triangle, scales
off-diagonals by /2

inverse of vec

1th largest singular value of a matrix

component in row ¢, column j of W

component of w corresponding to (possibly scaled) element mat(w); ;
Kronecker delta, takes value one if all inputs are equal and zero otherwise
takes value 1 if ¢ = 5 and value /2 otherwise

matrix operators defined in Appendix A

the gradient vector of f

component of the gradient corresponding to w;

component of the Hessian corresponding to w; and w;

component of the third order derivative corresponding to w;, w;, and wy,
component of the inverse Hessian corresponding to w; and w;

2 Cones and oracles

Hypatia’s cone interface allows the user to specify any primitive proper cone K C RY by defining a small
list of oracles: an initial interior point ¢, a feasibility check, and gradients and Hessians of a logarithmically



homogeneous self-concordant barrier (LHSCB) function f (with parameter v) for K. Providing additional
oracles is optional; for many cones we omit description of some additional oracles in this reference.

The central point of a primitive proper cone K with LHSCB f satisfies ¢ € int X Nint £* and t = =V f(¢)
[Dahl and Andersen, 2022]. Alternatively, it is the unique solution to the strictly convex problem:

t = argmingein e (f(s) + 3lls1%)- (1)

For some cones, (1) does not have a simple closed form solution. In this case, if K is parametrized only by
its dimension, the central point depends only on the dimension, so we find an approximate central point by
interpolating using a nonlinear fit on a range of solutions obtained numerically offline. If we cannot find an
approximate central point, we use an initial interior point that may not be close to a central point.

2.1 Nonnegative cone

The self-dual nonnegative cone is:

Ky =K =Rs. (2)
For the LHSCB [Nesterov and Todd, 1997, section 2.1]:
f(w) = —log(w) 3)
of K>, v =1, and ¢t = e is a central point. Then:
Vof=-w, (4a)
Vil =w™?, (4b)
v?u,w,wf =—2w . (4C)

Hypatia uses non-primitive d dimensional nonnegative cones for efficiency.

2.2 Positive semidefinite cone

The self-dual positive semidefinite cone is:
Ky =Ki ={weRI) . Wwesl}, (5)
where W = mat(w). For the LHSCB [Nesterov and Todd, 1997, section 2.2]:
f(w) = —logdet(W) (6)

of K, v=d, and ¢t = vec(I(d)) is a central point. Then:

Vo f=-— vec(I/V*l)W7 (7a)
Vi}rj’wﬁf = skronﬁJﬁ(W—l), (7b)
Viﬁvwm,wmf =— skronmymm)n(W_l). (7c)
2.3 Doubly nonnegative cone
The doubly nonnegative cone and its dual cone are:
Kpnn = {w e R4 . W eS¢, W, ; € R>, Vi, 5 € [d]}, (8a)
Ky = {w € R : 3wy € Ks_,wo € RE@ w = wy +wp}, (8b)



where W = mat(w). For the LHSCB (that is a sum of Kg, and Ks,_ barriers):

J(w) = —logdet(W) — Zje[[d]],ie[[jflﬂ log (wﬁ) 9)

of Kpnn, v = sd(d), and a central point ¢ is found by solving the polynomial system:

2
0+ UL = o(q? 4 e Lo, (10)
2 2
_b2 4 a2 + (n?/%)ab _ (n—21)b _ b2 (a2 + (d—\/2§)ab o (d—21)b )’ (].Ob)

for @ and b and then letting w7 = a,Vi € [d] and w;z = b,Vi > j. The values of a and b are functions of
the roots of the polynomial d?z® — (2d® + 8)x* + (d*> + d + 7)d* — d — 1. Then:

Vo f= —vec(Wfl)H—Zje[[dﬂ7ie[[j_1]]w%, (11a)
vi’ﬁ’wﬁf = skronz 77 (W) + Zje[[d]],ie[[jfl]]w%jz’ (11b)

3 -1 -3
Voo wwme ] = = SKIO0 5 1 g (W) = 23 ey 1) Wi (1lc)

2.4 Sparse positive semidefinite cone

Suppose S = ((i1,J1))ie[d,] i a collection of row-column index pairs defining the lower triangle sparsity
pattern of a symmetric matrix of side dimension ds (including all dy diagonal elements). Note do < dy <
sd(dz). Let mats : R% — S% be the linear operator satisfying for all i € [ds], j € [i]:

wy  ifi=19=j=j,

wy

(mats(w))i; = § o5 Hi=a#7=j, (12)
0 otherwise,

and for convenience let W = mats(w). The sparse PSD cone and its dual cone, that of PSD-completable
matrices, are:

Kspsn(s)y = {w € RM : W € ng}, (13a)
’C:PSD(S) - {w S Rdl . HU S RSd(d2)7d17W + Inatg(’u) (S Sdt2}, (lgb)

where S is the lower triangle inverse sparsity pattern of S (with dimension sd(ds) — dy). For the LHSCB
[Nesterov and Nemirovskii, 1994, Proposition 5.1.1]:

f(w) = —logdet(W) (14)

of Kspsp(s), ¥ = d2 and t; = 6(iy, ji), VI € [di1] is a central point. Then:

Vo f=- vec(W’l)H, (15a)
V?vrj,w,ﬁf = Skronw7k—7l(W_l), (15b)
viﬁ,wﬁ,wmf = Skron?j,m7m,n(W_1)' (15C)

2.5 Linear matrix inequality cone

The linear matrix inequality cone, parametrized by d; symmetric matrices A; € S%,Vi € [d,], and its dual
cone are:

ICLMI(A) = {’LU e R% . Zie[[dll]wiAi € S§2}7 (16a)



Ty = {w € R :3Z € SE, tr(A]Z) = w;, Vi € [da] }. (16b)
For the LHSCB [Nesterov and Nemirovskii, 1994, Proposition 5.1.1]:
f(w) = —logdet (Zie[[dll]wiAi) (17)

of Kpmicay, ¥ = da, and t = e; is a central point if A; = I(dy) (Hypatia assumes A; > 0, without loss of
modeling generality). Let Z = Zie[[ g WiAi, then:

Vo f = —tr(Z71Ay), (18a)
Viow, f =te(Z7TAZTHAy), (18b)
Vo = —2t0(Z7AZTVA; 27 Ay). (18¢)

2.6 Infinity norm cone

The ¢, norm cone and its dual cone, the /1 norm cone, are:

= {(u,w) € Rx> x R* 1 u > [Jw|| }, (19a)
= {(u,w) € Rx xR 1 u > ||wl|1 }. (19b)
For the LHSCB |[Giiler, 1996, section 7.5]:
flu,w) = (d = 1)log(u) = 3, cpqp log (v? — w?) (20)
of Ko, v =1+d, and t = \/ve; is a central point. Let z; = u? 2.Vi € [d], i = u® + w2, Vi € [d], and
g = % + Zieﬂd]]%’ then:
Vif =4 = Vi 2 (21a)
Vo, f = 24, (21b)
vl =5+ Ve (21c)
& w,f = =, (21d)
wz,w,f = 6(4, J)Q” (21e)
u U, uf = ( lE[[d]]%(?)ZZ - 4'LL2), (21f)
Vo f = 25 (4u — i), (21g)
Vi sy | = 6(z 7)3# (2 + 4w7), (21h)
Vf’ui,wﬁwkf =6(4,4, k) 4;? (Szi + 4wi), (21i)
Voaf=2 (21j)
u wlf - %fi:—i}ia (211{)
V2, = ey g g2 (1)

Note that Hypatia implements additional oracles that use the arrowhead structure of the Hessian.

2.7 FEuclidean norm cone

The self-dual Euclidean norm cone (second-order cone) is:

Ke, = Kj, = {(u,w) € R x R : u > |Jw| }. (22)



For the LHSCB [Nesterov and Todd, 1997, section 2.3]:

flu,w) = ~log (u? — ||w||?)

of Ky,, v =2, and t = /ve; is a central point. Let z = u? — ||w||?, and 7 = u? + ||w]|?, then:

Vuf = —3u7
vw,:f: 27:1',
s f=%,
uwlf— —dywi
V2w, f = 25 461, §)2,
V3 = 12— 108
V3 oy f = 10w
V8 iy £ = T — 6(i, ) 2%,
Vs o f = T 4 5(i, §) R 4 61, , k) S
Vil =13
Vﬁui = uwy,

vwiw]f - wiwj +5(7’ J)%

2.8 Euclidean norm-squared cone

The self-dual Euclidean norm-squared cone (rotated second-order cone) is:
Ksqr = Kie = {(u,v,w) € R> x R x R? : 2uv > [|w]|®}.
For the LHSCB [Nesterov and Todd, 1997, section 2.3]:

f(u,v,w) = —log (2uv — ||wH2)

of Ksqr, ¥ =2, and t = e1 + € is a central point. Let z = uv — £||w||?, then:
Vuf =-%
Vo, [ = %,
Vi,uf: =2
2 f=t -,
uwlf_ -
Vi, = 5 +8(.0)1,
Vol = =2,
Viuof =51 -2,
Vi = 255
uvwlf— (%2 - 1) %,
Vs, f = =25 = 000, 5) %,
Vf’u“wwwkfz 2wlw’wk +6(i, )% + 0(i, j, k) 2%,
Vel =1,

A~~~ S~
N NSRSy
~ ~
: o) o & o T 9o
N N N T T S N N N N N N N

—~
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=
)
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Vs f=uw -z, (27n)

Voo f = uw;, (270)
V;iwjf = w;w; + 6(i,j)z. (27p)

Note that the barrier and oracles are symmetric with respect to u and v.

2.9 Spectral norm cone
The spectral norm cone and its dual cone, the nuclear norm cone, are:
Copec(dysda) = {(u,w) € Rs x R%d2 gy > Ul(W)}, (28a)
K petdr) = 1w w) € Re x RO 0w > 37, 1) 103(W), (28b)

where W = matg, 4,(w) € R4*9 and d; < dy (nonrestrictive since o;(W) = o;(W’)). For the LHSCB
[Nesterov and Nemirovskii, 1994, section 5.4.6]:

fu,w) = —log(u) — logdet (ul(dy) — YY) = (dy — 1) log(u) — logdet (u*I(dy) — WW') (29)

u

of K¢, oo(di,ds)s ¥ = 1 +di, and t = /ve; is a central point. Let Z = w?*I(d;) — WW’', © = Z7'W, then:

Vof = —2utr(Z71) + 41 (30a)
Vi f =20, (30b)
Vo of =4 tr(Z27%) = 2tr(Z71) — 43, (30c)
Vi f=—4u(Z710),, (30d)
szrj,wmf = 2gkrong; 75 (Z7'W'e +1(d2)) + akron;—75(0), (30e)
V3 wuf = 12utr(Z72) — 160 tr(Z77) + 29451, (30f)
3 —1an2( 72 _ ~1
Viuwf =16u*(2770), . —4(Z27'0), ., (30g)
Vi,wm,wﬁf = —4u(gkronm7k—7l (Z72,W'e+1(dy)) + gkron; 7 (z7',0'0) + akrong 77 (0,z27'@)),
(30h)
Viﬁﬁwm’wmf = 2gkrong5 5 (Zz70,W'O+1(d)) + % akron; = . (0). (301)
2.10 Matrix square cone
The matrix square cone (or Siegel cone) and its dual cone are:
Konatsar(ds,dz) = { (1, 0,w) € R x Ry x RU% . U € SE 20U — WW' € ST}, (31a)
K atsar(dy da) = C1 {(u,v,w) € R¥I) xR x RN . 7 € §&, 20 > tr (WU W)}, (31b)

where U = mat(u) € ST, W = matg, 4,(w) € R"*% and d; < dy. For the LHSCB [Tungel and Truong,
2004]:
f(u,v,w) = (dy — 1) log(v) — logdet (20U — WW') (32)

of Kmatsar(di,ds)> ¥ = 1 +d1, and t = (vec(I(dy)),1,0) is a central point. Let U = mat(u), W = matq, 4, (w),
Z=20U—-WW' 0=Z"1W, and ® = Z~ U, then:

Vi f=-2v Vec(Z_l)ﬁ7 (33a)

Vof = —2tr(®) + 4L, (33b)



Vwﬁf = 2@1"]‘7 (33C)
viﬁuﬁ f=4v?skron =(Z71), (33d)
Viﬁ of =2vec (20027 — Z‘l)ﬁ (33¢)
“1 g _f = —2vmkron;5 = (Z ,0), (33f)
V2 f =4tr(9?) — 4t (33g)
v w—f - 74(q)®)7, N (33h)
Vfﬂi wﬁf = 2gkrongZ 5 (Z7"W'e +1(dy)) + akron;— =(0), (33i)
i aim ] = 8% skrong g (271, (33))
viﬁ,um,vf = 8v(skr0nfm(Z71) — vskronff(CIJZfl7 z7h), (33k)
2ﬁ7uﬁ7wwf = v mkron;— S F (z7',0,271), (331)
Vo wof =8vec (@271 — 209227 1)—, (33m)
Vs wag ] = 2(mkrong 77 (209271 — Z71,©) + 2vmkrong; 77 (271, @@)) (33n)
v3ﬁ,wnwm f=—v(mkron 17— (271,0,0) + mkrong= 17 0 (271, 27 WO + 1(dy)), (330)
v U vf = 16 tr((I)B) 2d11)3 ’ (3313)
A i wﬁf = 74(gkr0n7j’k—,l (Z*17 W'e0) + gkrong 5 (<I>Z*1, W'O + I(dz)) + akron;= 1(©, $0)),
(33r)
Viﬁ,wm,wm,n, f=2gkrong= 15 (Z71,0,W'O + I(ds)) + § akrong= 1 - (0). (33s)
2.11 Generalized power cone
The generalized power cone, parametrized by o € Ril such that Zie[ 4% = 1, and its dual cone are:
Kepow(a) = {(u,w) € RY xR : [T, g qus > ]}, (34a)
ooy = {(ww) € R x R < [T, ()™ > ] }. (34b)
For the LHSCB [Roy and Xiao, 2022]:
flu,w) = —log (Hze[[dl]]uml Hw||2) - Zie[dl]](l — ;) log(u;) (35)

of Kgpow(a), ¥ =d1+ 1, and t = ((m%e[dﬂ]ao) is a central point. Let ¢ = Hze[[dl]]uml = %",Vi c
[d1], and z = Hle[dlﬂuz — ||w||?, then:

Vi, f= -2 = 150, (36a)

Vi f = 2, (36b)

Vi f = 222 (£ = 1) +00,5) (2 + 584), (36¢)

2y f = — 20, (36)

V2w, F = 255 4+ 5(1, )2, (36¢)
- - -a)E - i=j=k

Viiswganf =7imme2 (1= 2) (22 1) +{ 22 (1 - 2) i=j £k, (36f)
0 otherwise,



VS f = 2R (22 1) g (i, ) A (36g)

Uq\Uj, Wh
Ve f = T 55, k) Zmio, (36h)
Ly j=j=k,
V?Ui,wj,wkf = 16w;1;}jwk + % 1=7 7é k, (361)
0 otherwise.
In addition, let:
ki = (5 0)s (37a)
= 501+ 155) 4 kLt (37b)
Then:
f =83, ) gy — HlE o o (38a)
u“uj k2C Vulf Vujf7
2 1 oy
Vul u)Jf = ko Vuifwj’ (38b)
v o2 f=46( ')Q_M s (38c¢)
wiw; ©I)3 T RalotTw]?y i ¢

2.12 Power mean cone

The power mean cone, parametrized by powers a € Ri such that Zie[[d]]ai = 1, and its dual cone are:

w)ERXR% :USHieﬂdﬂwqi} (39a)
) €Rc xRE : u<Hzeﬂdﬂ(%)“1}. (39b)

we provide an outline here that is similar to Chares [2009, Theorem

K
K

pow(a) = {(
;ow () — {(U>w
)

Since we have not seen a proof of (39b),
4.3.1].

Lemma 1. The dual of Kyow(a) is given by (39b).

Proof. Let (u,w) € Kpow(a), ©(w) = Hie[[d]]w?i. For one direction, suppose (p,r) is in the set defined in
(39b). Then:

((w,w), (p,r)) = up + (w,r) (40a)
> —up(g) + (w,7) (40b)
> —p(w)e(z) + (w,r) (40c)
= *Hie[[d]](w(i:i )+ Zie[dﬂai%wi (40d)
> 0. (40e)

The last inequality follows from a weighted version of the arithmetic-mean-geometric-mean inequality [Chares,
2009, Page 128]. For the other direction, suppose ((u,w), (p, r)) > 0. Suppose (u,w) is such that u = 0.
Then we are left with the condition (w, ) > 0 for all w € RY, which means that » € R% by self-duality of
RZ. Next, suppose with a view to contradict that p > 0. Note that if up + {(w,ry > 0, it must also hold
that up + (w,r) > 0 for an arbitrarily negative & < u (which retains the condition (u,w) € Koow(a))- So we
can find a sufficiently small @ such that ap + (w,r) < 0, leading to a contradiction. Hence p < 0. Finally,
suppose that u = Hie[[dﬂ wg*. Then:

<(U’7 U)), (pa T)) = _Hie[[d]]wiai(_p) + Zie[[d]]aiwi% Z 0. (41)
If —p > (%), the weighted version of the arithmetic-mean-geometric-mean inequality is violated. Hence
—p < (%) and the second direction is proved. O



For the LHSCB [Nesterov, 2018, section 5.4.7]:

flu,w) = —log ([T;epqwi™ — u)

of Kpow(a), ¥ = 1+ d, and t is obtained by interpolation.

T = w‘XJZ,Vi € [d], then:

Vuf =2,
Vwif =—pTi — o
wul = %
uwlf_ -
Vi, f = pTZT]U+5(Z 7 (5 + )
Veuul = 5
Vit ] = =25,
Vo wswy f = primi (22 = 1) +6(i, 5) 72,

w“wj,wkf = —UPT;T;Tk (2u + Z) — (S(Z j)
In addition, if we let:
504 =1+ aipz™?

— i
51 = Z’Leﬂd]] 50,i

So=1— pz_lsl,

we have that:

Vuuf ¢(u, w) + sluz

\Vim 2 _ P oW
Wy, U S2 S0,i

.. 2 -1
vw?wgf = 5(%.]):)0; z32

2.13 Geometric mean cone

PTi ’T]

- 6(2 .]7k)(

— Yic Id] log(w;)

Let z = Hie[dﬂw?i —

w.

ol

Vi € [d],

p ajwi &jWj
50,1 tj

(u7'+ )—|— 2).

(42)

u, p = z+ u, and

TR ER
W w W W
Q. 6 T 0o

AA
o
o M~

=~
oo %
A = ¢
N RSN NN NN N

—~~

—
>~
[N
=

(44a)
(44D)
(44c¢)

(45a)
(45Db)

(45¢)

In the special case o = d'e, the power mean cone is equivalent to the geometric mean cone Kgeo, for which

we implement additional oracles.

geo—{

gco = {
For Kgeo, we use the central point ¢ = (7(2([1:11))1/27 21:\}1%

For the inverse Hessian:
-2 2, p?
vu,uf =z "+ d>
—2 _ wp
Viw, I = =35

JERXRL :u< Hleﬂdﬂwl/d},
) € Re x RY : —u < d[ gy’ }-

V;iwjf = —dzlﬂ) (gwiwj + 6(i,j)dzwi2).

10

(46a)
(46b)

e), where a = 3d—b+1 and b = V/5d? + 2d + 1.

(47a)
(47b)
(47¢)



2.14 Root-determinant cone

The root-determinant cone and its dual cone are:

Krtdet = {(u,0) € R x R - W e §E u < (det(W))'/ 7}, (48a)
fdet = {(w,w) € Re x R W e SE, —u < d(det(W)) "/}, (48b)

where W = mat(w). For the LHSCB [Coey et al., 2021, Proposition 7.1]:

flu,w) = —log ((det(W))* — u) — logdet(W) (49)

of Kytdet, v = (1 +d), and t = ( — ca, (d+;gcl )62 Vec(I(d))) is a central point, where ¢; = (5d? + 2d + 1)1/2
and ¢y = %(3‘”1*“1)1/2. Let o = (det(W))/¢ and z = o — u and o = % a, then:

2(d+1)
Vof = %7 (50a)
V= —(o+1) vec(W_l)ﬁ7 (50b)
Vil =2, (50¢c)
Vi f = —=Zvec(W™ 1), (50d)
At w: vak lf = —a(d—ll — O') sdot?j7k7l(W_1) +(o+1) skronﬁvm(W_l), (50e)
Viuuf = 2 (50f)
Vo = =% vee(W ), (50g)
\%H i = 2((20 - 1) sdotﬁ,m(W_l) + skron; ¢ (W), (50h)
Vf’vﬁwﬁwmf =(-0(:-0)(%-20) Sdotfj)m’m(Wﬂ) + (50i)
o(y—o0) sdotkrong— ’l’mm(W*l) (c+1) Skron—flnliﬂl(lfi/*l))7
VA= (2+2), (50)
Vor S =2, (50k)
fjwﬁf = m (d*2 skrong= (W) + asdot5 1 l(Wfl)). (501)
2.15 Logarithm cone

The logarithm cone and its dual cone are:
Kiog = cl {(u,v,w) € R x Ry x RS 1 < 37, ppvlog (%)}, (51a)
Kiog =l {(u,v,w) € Re x Rx R 10 >3, ppu(log (Z2) +1)}. (51b)

For the LHSCB [Coey et al., 2021, Proposition 6.1]:
flu,v,w) = —log (Zie[[d}]”bg (L) —u) — log(v) — > icpap log(wi) (52)

of Kiog, ¥ = d+2, and t is obtained by interpolation. Let z = Zie[d]}” log (%) —u, 7= Zze[[d]] log (%) —d,
and 0 = z + v(1 + d), then:

uf_ (533’)
Vof=-I-1, (53D)
Vu f =—3% - &, (53¢)
Vuul = 2 (53d)
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vu,vf = _ZL2>

quwif = 7%1”17

Voof =+ L + 3,

Vv,wif = ;;ZU - év
Vs, f = zrii; + 0009 (587 + 7)),
Vu,u,uf = 2%7

Vu,u,vf = 7%,
vu,u,wif = _z:?iz,iv

_ 272 d
Vu,v,vf— >3 + 2200

27V 1
vuﬂ),wi f = -

z3w; w22
_ 202 . v
vﬂawi,w]‘f T 2Pww; + 5(17])221,,1_27
273 _ 37d d 2
Vv,v,vf — T3 T 220 T ez T 3
27%v 2T d
vv,v,wi.f - z3w; + 22w; - w;z2)
_ 2037 2v s TV 1
vv,wi,wjf = T Bww; +2+ 5(2,])( T 2wl + w?z)u
3 202 ;
5 2211),'; 2w} w3 t=J= k’
_ 2v v s __ s
Vwi,wj,wkf = T Zwwwy, + _zwawk 1=7] 7é k'v
0 otherwise,

V;if =(z+ u)2 +z(oc —v) — %“(22 + u)g,
Vil =007 ((z +0)(7 + d) - dz),
V;}%Uz,f = %vw(Zz +u),

V;%f = %1)2(2 +v),

-2 1,2
vv,wi.f = ;U W,

2

Vil f = o (525 460, j)w?z).

z+v o

2.16 Log-determinant cone
The log-determinant cone and its dual cone are:
Kiogdet = ¢l {(u,v,w) eR xRy x R4 W e Si,u < wvlogdet (%)}
Kiogaer = cl{(u,v,w) € Re x Rx RD . W eS¢ v > u(logdet (=
where W = mat(w). For the LHSCB [Coey et al., 2021, Proposition 6.1]:
flu,v,w) = —log (vlogdet (%) — u) — log(v) — logdet(W)

)+d)}, (54b)

(54a)

(55)

of Kiogdet, ¥ = d + 2, and t is obtained by interpolation on d. Let o = logdet (%)7 z = va — u, and

o =2z+uv(d+1), then:

Vuf = %7

\v4 f _d-—a _ 1
Vo f= —(2+1) Vec(Wfl)H,
Vif= %
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2 f _ dz_2a7 (566)
u w—f - 7% VeC(Wil)ﬁ7 (56f)
V2 f=(29) + L4 L, (568)
v f = LoD 1) vee(W )7, (56h)
wl ]7wk zf - Zé SdOtfj,k,l(Wil) +(1+72) skron?jﬁw(W*l), (561)
uuvf__z%(a_d)7 (56k)
u sU, u)—f = 72%UV6C(W71)7, ]3 (561)
uv Uf _ Q(Q—d)2 + %7 (56m)
u v, Wf - i(m)(j?id) - %) VeC(Wil)Hv (5611)
v3 ] = %2 sdot;= H(Wfl) + 2z skron; W(Wfl)7 (560)
vvvf_ d;a(Q(a d) +3d)_%_1}237 (56p)
vvw—f_ %(2(04_ )(Ud u) ) z ’ (56q)
J

Vg}wﬁ,wﬁf = (% — ”(Z;d))( = sdotmvm(W_ )+ skronfj(W_l)), (567)
VT — 722%3 sdots= 17 7 (w1 -4 sdotkronﬁ 7 m(W*l) - (142 skron;— k’l’ﬁ(Wfl),
(56s)
V;if = (z+u)2+z(o—v) - %(22—}—11)2, (56t)
Voif =00 (¢ +v)g - do), (561)
V;fvﬁf = %vwﬁ(a + 2), (56v)
V;%f = %v2(z+v), (56w)
V;iﬁf = %’UZUJH, (56X)

— 'U2
Vw%}wﬁf = lerv (7 sdotﬁ,kfl(W) +z skronﬁvm(W)). (56y)

2.17 Separable spectral function cone

See [Coey et al., 2021, Proposition 6.1] for more details. Suppose h : R — R is a convex function. Let V
be a Jordan algebra with rank d and let Q be its cone of squares. h induces a separable spectral function
Q= R, pw) = cpq MAi), where A; > 0 is the ith eigenvalue of w € Q. The epigraph of the conic
hull of ¢ and its dual cone are:

sepspec Cl{ 6 R x R> X Q u > ’l}(p('lU/U)} (573)
w) €ERs X Rx R :v > up*(w/u)}, (57b)

sepspec =cl {
where R is the natural domain of ¢*.

Suppose Kgepspec has the LHSCB [Coey et al., 2021, Proposition 6.1]:

F(u,v,w) = — log(u — vi(w/v)) — log(v) — logdet (w) (58)

with v = 2 + d. Let P denote the quadratic form on V. We let ¢ = ¢(w/v) and we denote the derivatives
of ¢ at w/v as Vo, V2, V3p. We let 0 = ¢ — Vp[w/v] and ¢ = u — vp. Then:

Vuf = _C_la (593.)
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Vof=¢lto—vt, (59b)
Vof=('Vo—wt, (59¢)
Vauf=¢72, (59d)
Viuf=-¢?0, (59%)
Vi uf =—C?Ve, (591)
Vi f=v2+ (%0 0T VR plw /v, w)v), (59g)
Vil = (¢ 20Ve — v (T Vipw/v), (59h)
Vol =C?Vo(Ve) + v (T V2o + Plw™). (59i)
2.18 Vector relative entropy cone
The relative entropy cone and its dual cone are:
Kretent = ¢l {(u,v,w) € R x R x RY :u > > ieapWi log (%)}, (60a)
Kieens = 1 {(u, v,w) € Ry x R x R? : w; > u(log (&) —1),Vi € [d]}. (60b)

For the LHSCB [Karimi and Tungel, 2020b, Section 1.4], [Karimi and Tungel, 2020a, Appendix EJ:
f(ua v, w) = —log (U - Zie[d]]wi log (%)) - Zie[[d]](l()g(vi) + IOg(wz’)) (61)

of Krelent, v = 142d, and t is obtained by interpolation. Let z = u— Zzeﬂd]]wl log ( ) 0i = o

(log(vi) +1),Vi € [d], o = Z+2w Vie [d], Bi = log( L),Vi € [d], and v; = Zje[[d]]\{i}wjﬁmw €
[[d]]7 then:

Vuf =—1, (62a)
Vo f=—0i— 4, (62D)
Vo f = =5 =7, (62c)

Viul =2, (62d)
Vi =%, (62¢)
Viawd =2, (62f)
vy = 0005 + 800, (5 + 5%), (62g)
oo = 00T — 2 (62h)
ooy = 00T, (62i)
Viuw =7+ 0000 (55 + 2) (62i)
Viuul = =5 (62k)
Vi wwid = =2, (621)
Ve f = =25, (62m)
Vi g f = =227 = 5(i, ) 2, (62n)
Vo vy = =2 460, 5) 5, (620)
Vi iy | = =2 = 86, §) s (62p)
T -k i=j=k,
Vf’)i’vj’ka = —20,050, + 7‘71{% ' ' i=j#k, (62q)
0 otherwise,
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G-l imiok
Vii,vj,wkf = —20,0,TK + _&% z zj i Z’ (62r)
vz )
0 otherwise,
mo L i=j=k
0 J otherwise,
Vf’%wj,wkf = =27 Ty + 7“1{62 i=7#k, (62t)
0 otherwise,

Vs f=2"- Piepaiwi(wiBi — z + 1iz(2 + 28; + wiBi)), (62u)
V;%if = —vjwiog(u — v — 2w;f;), (62v)
Vi = —wiai(Biz +u—), (62w)
Voo, F =000, j)vieu(z + ws), (62x)

V;fwjf = 0(i, ) vwiay, (62y)
V;iwjf = 0(i, jwiai(z + w;). (627)

Note that Hypatia implements additional oracles that use the block arrowhead structure of the inverse
Hessian.

2.19 Matrix relative entropy cone
The matrix relative entropy cone is:

Kumatretent = cl { (u,v,w) € R x RS 5 RS . VW € S > tr(W log(W)) — tr(Wlog(V))) },  (63a)
where V' = mat(v) and W = mat(w). We are not aware of a closed-form expression for the dual cone.
For the LHSCB:

f(u,v,w) = —logdet(V) — logdet(W) — log (u — tr(W log(W)) + tr(W log(V))) (64)

of Kmatrelent, ¥ = 1 + 2d, and t is obtained by interpolation.
Let z = u—tr(W log(W))+tr(W log(V')). We first give the derivatives of f in terms of derivatives of z:

Vuf =-1, (65)
Vo f = —%d‘i% —vec(V™h), 4, (66)
Vuf= _%dgi—j —vee(W™1); 5, (67)
Viuf =2, (68)

vi,vwf = z%dgj—.’ (69)
Vi = Faes (70)
Vgﬁ,vm = z%%%%% - %dv;;dzvm + skronrj’k,l(V’l), (71)
by = E O g — Yt (72)
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_ 1 dz dz 1 d?z o -1
wy vak zf 22 dw; dwg z dwizdwr7 + Skroni,j,k,l(W )7 (73)
Veuul = =% (74)
3 _ 2 dz
Vuuv ]f - 23 dv77 (75)
3 _ 2 dz
Vu,u,wﬁf - T3 dwf," (76)
_ 2 dz _d=z 1 4%z
”1 TURT Lf 28 dvgz dvgg + 2 dvgdog 7’ (77)
_ _ 2 dz _d=z 1 4%z
oLy f 23 dviz dwg + 22 dvydwgg’ (78)
3 _ 2 dz dz 1 d?z —1
v%wﬁﬂvﬁf %8 dwi~ dw,C N + 22 dw‘dw + SkI‘OHZ gk, l(W )’ (79)
3 _ 2 dz dz _d=z 1 42z dz d%z dz d%z dz \ _
f e s + (7 ) (80)
VT VR DU 28 dvyz dvgg dvmm 2\ dvgzdvmm dvgg dvgdvmm dviz dvzzdvgg dvmm
1 d3z -1
z dedvmdvm,n skronl 7.k, 1,7, n(V )’ (81)
3 f= 2 dz  dz _dz L( d?z dz_ 4 a2z dz 4%z dz ) — (82)
Vi Ve WY T 23 dwmm de dvk—)L 2 d'urjdwm,n dvm dv—dwm dv— dv—dv— dwmm
1 d3z
z dvﬁdvmdwm’ (83)
3 _ 2 d=z dz dz 1 d2z dz d2z dz
vw’wm,wwf - 23 dvm dwm dwmrm ?(dedwﬂ dwm + dwk rdwsrm dv + dv— dwk 7 dwmm )’ (84)
3 _ 2 dz dz _d= 1 d2z dz d?z dz d%z dz \
W T WE Ty Wi n‘f 28 dwyz dwgg dume 22 (dwrjdwm dwg7 + dwggdwrmm dwiy + dwizdwgg dwmm ) (85)
1 a3z o -1
2 dwdug Qume Skroni,j, ,l,m,n(w ). (86)

Let us describe the derivatives of z. Let Gy, Gy be matrices containing the eigenvectors of V' and W as
columns, and let TV TV be the ith divided difference matrices of log(V) and log(W). 'Y and T are
described by Faybusovich and Zhou [2019]. For a vector of eigenvalues g, '3l is given by:

357 9 =9; = 9c = a1,
3) 2]
r? _pl
3 ——rnd g =gk = gu,
[ ] o 9i—9j
ik, e o
9i—gn 9i g1,
ri2 _pl2 .
Lkl __iik otherwise.
g1—9gi

Following Faybusovich and Zhou [2019], let W = Gy WGy . Then:

= = vec(Gy (W o F[l]’V)G’V)E, (88a)
T2 = —vec(I +log(W) —log(V));5- (88b)

7

Let 6 € R*4@ be an arbitrary direction and A = mat (). Also let AV = G4, AGy and AV = G}, AGyy .
The second and third derivatives of z are the operators that satisfy:

L210) = vee (G symm ((TZhY 0 W)AY Jiera) G1), (89a)
25 [0] = vee (Gv (AY o TG ), (89b)
L510] = — vee (Gw (AW o THY)Gyy ), (89¢)
L216,0] = vec (Gv [, le[[d]]rzg LAY AY W+ AL AW+ AL LAY W, DijerqCv),  (89d)
dsjdw [6,0] = 2vec (Gy [Zke[[d]]A kAk q ;[)](;‘]:::Ipqeﬂd]]G/ ) (89e)
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T2E:06,0] =0, (89¢)

3, 2],W
$510,0) = —2vee (Gw [Cpea A0 AL ook | et G- (89g)

(89a) comes from Faybusovich and Zhou [2019, Section 4.1.1], which gives a formula for the Hessian of
tr(C'log(WW)) in terms of a sparse matrix they call S. The action of S can be interpreted (for real and
complex cases) as symmetrized matrix multiplication. For each column (and then row) k of A, we apply

F.[Q.] ,kv o W and stack the results.

EERE)

2.20 Polynomial weighted sum-of-squares cone

Given matrices P, € R?**r Vr € [N], which are derived from basis polynomials evaluated at d interpolation
points as described by Papp and Yildiz [2019], the interpolant-basis polynomial weighted sum-of-squares
(WSOS) cone and its dual cone are:

Ksosp) = {w € R?: 35, € ST, Vr € [N],w = 3, 7 diag (P-S-P)) }, (90a)
Ksospy = {we Re: Z(r) € Sy, vr e [N}, (90Db)

where Z(r) = P! Diag(w)P,,¥r € [N]. For the LHSCB [Nesterov, 2000, Papp and Yildiz, 2019]:
fw) = =32, ¢ np logdet (Z(r)) (91)

of Kios(p) (note this is the dual cone), v = ZTE[[N]] sr, and t = e is a feasible point if the interpolation

points are contained in the polynomial domain defined by P (assumed by default, else the user can pass in
an known initial point). Let T'(r) = P,.Z(r)~'P!,Vr € [N], then:

vwif = _Zre[[N]]T(T)iﬂ'v (923,)
V2w f = e (T()i5)”, (92b)
Veiwsond = =22y T )i T(r)j kT (F) i (92¢)

2.21 Polynomial WSOS positive semidefinite cone

Given matrices P, € R%*Xs" Vr € [N] defined as previously for Ksos(p), and given a side dimension d; of a
symmetric matrix of polynomials (all using the same interpolant basis, for simplicity), the WSOS positive
semidefinite cone and its dual cone are:

. w e R . 39 Sils’",Vr € [N], (932)

matSOS(P) = .. . N . . a
) wig = pliy )2 epny diag (Pr(Sr)i; Pr), Vi € [dil, 5 € [i]

KmatSOS (P) — {w € RSd(dl)d2 : ( ) € Sil&-’vr € [[N]]}7 (93b)

where w;~ € R? is the contiguous slice of w corresponding to the interpolant basis values for the polynomial
in the (7, 7)th position of the lower triangle of the polynomial matrix, (S), ; is the (¢, 7)th block in a symmetric
block matrix S with square blocks of equal dimensions, and:

Z(r) = [P/ Diag (wi7) ], jcpay o

where [g(w;5)]i je[a,] 18 the symmetric block matrix with g(w;7) in the (4, j)th block. For the LHSCB
[Kapelevich et al., 2021]:
f(w) = =32, cpn logdet (Z(r)) (95)

of IczlatSOS(P)’ V= dere[[N]] s, and t given by the w satisfying:

L 1=y,

“Ip {0, otherwise, (96)
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is a feasible point if the interpolation points are contained in the polynomial domain defined by P. Let:

Trp ) = (P20 P, (97)
then:
Vo J==20enpi:)T(r,0,p)i (98a)
Voo e f = Srepny skronz; 77(T(r,p,9)), (98D)
Vs g ywmmed = —2repny K100 77 2o (T, ¢,p), T, p, 5), T, 5,0)).- (98¢)

2.22 Polynomial WSOS L1 norm cone

Given matrices P, € R%* Vr € [N] defined as previously for Ksos(p), and given a side dimension d; + 1
of a vector of polynomials (all using the same interpolant basis, for simplicity), the WSOS ¢; norm cone and
its dual cone are:

Ko sospy = {w € RN : Juy, ... vg, € R, (v, w;) € Ksosea(p), Vi € 2,...,d,w1 = 0p

,,,,,

Ki, sospy = {w € R4 : (wy,wi) € Koggy(py, Vi €2, d}, (99b)

where w; € R% is the contiguous slice of w corresponding to the interpolant basis values for the polynomial
in the 4th position the polynomial vector, and:

P/ diag(w1) P, P/ diag(wy)Pr

2 K) = | Pl diag(u ). Pl diag(uwr)P, "

Vkeo,. .. d. (100)

For the LHSCB [Kapelevich et al., 2021]:

flw) = ZTE'INHEkEQ,.n,dI —logdet Z(r, k)11 — Z(r,k)12Z(r, k:)l_&Z(r, k)12 — logdet (PT’ diag(wl)PT)
(101)

=3 c[N] Dkea,.a, — logdet Z(r k) + (di — 2) logdet (P diag(w)F;) (102)
of K, sos(py: V = erE[[N]] s and t given by w satisfying:
1, =1
Wiy =12 ’ 103
P {O, otherwise, (103)
is a feasible point if the interpolation points are contained in the polynomial domain defined by P. Let:
Qlr k,i) = (PTZ(T, k:)PT’)1 > 1€[2],ke2,...,d. (104)

The gradient and Hessian of the barrier are:

f _ {_QZ]CQQ’W,de(?: k7 1)p,p + (dl - 2) (PT(P7I‘ diag(wl)PT)_lpl‘)p’zﬂ i= 1a

: . (105)
_2Q(T7 1, 2)p,p7 ? 7é 17

B 2
25 ey Sie 1,2y (QUr s D) = (dy = 2) (P (Pl ding(wi)P) T P, )y i=ii=1,

Vo, w . f= 4Q(r, 4, l)p,qR(raia2)p,q72 i=1lorj=1
QZkE{l,Z} (Q(r,i, k)pyq) ) i=7#1
0, otherwise.
(106)
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2.23 Polynomial WSOS L2 norm cone

Given matrices P, € R%2*% Vr € [N] defined as previously for Ksog(py, and given a side dimension d; of a
vector of polynomials (all using the same interpolant basis, for simplicity), the WSOS ¢5 norm cone and its
dual cone are:

. w e R14 35, € 15 v € [N],wy = doreN] 2icfdy diag (Pr(Sr)iiPL) (107a)
£5SOS(P) = . - . ) a
2SO s = S, epwy ding (Pr((S0)in + (S0)ia) PL), Vi € 2, dy
Ki,s0s(py = {w € RO Z(r) 10— Ve, 201, Z(r) 11 2(r)in € S‘éls"',vr e [N}, (107b)
where w; € R% is the contiguous slice of w corresponding to the interpolant basis values for the polynomial
in the ith position the polynomial vector, (S); ; is the (¢, 7)th block in a symmetric block matrix S with
square blocks of equal dimensions, and:
P; Diag(wl)Pra =7,
P’ Di VP., i=1,j#1,
Z(r)ig =94 o ?ag(wj) i=Li7 (108)
P’r/ Dlag(wi)PT) ¢ 7& 17.7 = 17

0, otherwise.

For the LHSCB [Kapelevich et al., 2021]:

flw) = Zre[[N]]( — logdet(Z(r)) + (dy — 2) logdet (P, diag(w:)P,)) (109)
of K7, sos(py V= 2Zr€[[N]]sr and t given by w satisfying:
1, i=1
iy = ’ ’ 110
Wip {0, otherwise, (110)
is a feasible point if the interpolation points are contained in the polynomial domain defined by P. Let:
R(r,i,j) = (PT(Z(T)_l)m,P;). (111)

.. . —1 .
Vwi,pf _ {_ZTEHNHZJEHI.‘M]]R(Ta.]a])Ihl) + (dl - 2) (PT (P; dlag(wl)P’r') P;)p’pa 1=1, (1123.)

_ZZreﬂN]]R(T’iv Dp,ps 1# 1,

_ 2
S reint Sreta) Siegan (B0 D) = (dy = 2) (P (P diag(wn) P) ' FY), ) i=j =1,

Vwi p,wj.qf = QZTEHN]]ZkE[[dl]]R(T7 k’ l)p,qR(T‘, kmj)p,Q’ 1= 15.] 7& la
QZre[[N]]Zke[[dl]]R(Tv L k)pgR(r,i,k)p.q, i#F 1,5 =1,
23 epny (R(r 1, 1) g R0, §)p.g + R(7,3,1)p,g R(7, 1, 5)p.a) i#1,j# 1.

(113a)

A Matrix operators

We define several operators that are convenient for expressing derivatives of barrier functions for matrix
cones. For brevity, we overload the operators below if all inputs are the same, e.g. skroni—j —=(X) =

skronﬁ,m(X , X). We define the symmetrizing operator symm : R4 — S8d(@) as:

symm(X) = X + X'. (114)
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A.1 Two-input Kronecker-like products

If M € R"*% i a Kronecker-like product of two matrices, and U € R%*% and V € R%*% are matrices
such that ds,dy = dy and d5,dg = do, then U - M and M -V are the matrices:

U - M = mat(M' vec(U)), (115a)
M -V = mat(M vec(V)). (115b)

A.1.1 Symmetric preimage

Let X, Y € R4 U € S?. The symmetric preimage skron : R4? x R¥*4 — §8d(d) (¢ f. Alizadeh et al. [1998,
Appendix]) satisfies:
skron(X,Y) - U = & symm(XUY"). (116)

The elementwise definition is:

skrong= (X, Y) = 3p(i, ) p(k, )(Xix Yju + XiaYin + X50Yin + Xj1Yi0)- (117)

A.1.2 General preimage

Let X € RUixdi Yy ¢ R2xd2 [J ¢ RU*42 The general preimage gkron : R4 x4 x Rdzxd2 _, Ridzxdidz
satisfies:
gkron(X,Y)-U = XUY". (118)

The elementwise definition is:
gkron (X, Y) = X .Y (119)
A.1.3 Adjoint preimage
Let X,Y,U € R%*% The adjoint preimage akron : R%xd2 x Rd1xdz> _, Rdrd2xdidz gatisfies:
akron(X,Y)-U = XU'Y +YU'X. (120)
The elementwise definition is:

akronﬁ7k7(X, Y) = Xi,lYk:,j + Xk’jY;’l. (121)

A.1.4 Mixed preimage

Let X,U € S“, Y,V € R%*%_ The output of the mixed preimage mkron : S% x R%1xd2 _y Rsd(d1)xdidz
is not square, and we arbitrarily choose the number of rows to equal the dimension of the first input. The
operator mkron satisfies:

U - mkron(X,Y) = 2XUY, (122a)
mkron(X,Y) -V = symm(XVY’). (122b)

The elementwise definition is:
mkrong= (X, Y) = p(i, ) (Xik Vi + X;xYig). (123)

A.2 Three-input Kronecker-like products

If M € Rf1xd2xds jg 5 Kronecker-like product of three matrices, let matg, 4,(M) € R%**% be a reshaped
representation of M obtained by stacking columns so that dydads = dyds. Let U € R%*95 and V € Rexdr
be matrices such that dsds = d; and dgd7y = ds3, then U - M and M -V are the matrices:

U - M = matg,, 4, (maty, dgya, (M) vec(U)), (124a)
M -V = maty, 4, (maty, 4,4, (M) vec(V)). (124b)
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A.2.1 Symmetric preimage

Let X,Y,Z € R¥4 U,V € S?. The symmetric preimage skron : R4*? x RIxd x Rdxd _; Rsd(d)xsd(d)xsd(d)
satisfies:
(skron(X,Y,Z)-U) -V =symm(XUYVZ). (125)
The elementwise definition is:
(X,Y,Z) = (i, 5)p(k, D) p(m, 0)(Xin Y j Zmi + X0 YeiZmi + Xin Y15 Zmk +
Xj,nYz,iZm,k + Xi,mYk,j Zn,l + Xj,mYk,iZn,l + Xi,m}/l,jZn,k + Xj,mYz,iZn,k)-
(126)

skronTj7 R

A.2.2 General preimage
Let X € Rhxdi 7 ¢ Ri2xd2 'y UV € R4*42, The general preimage gkron : R4 %41 x Rdixdz y Rdaxdz2 _y

Rdrdz2xdidzxdids gqtigfies:
(gkron(X,Y,Z)-U) -V = gkron(X, Z) - (akron(U, V) - Y) + X symm(UZ'V")Y + Y symm(U’'X'V)Z. (127)

The elementwise definition is:
gkronfj7]?l(X7 K Z) = Xi,mYk,an,l + Xk,m}/i,nzj,l + Xi,k}/m,jzl,n +

(128)
Xi,kY;n,le,n + Xi,mYk,jZl,n + Xk,mY;JZ'a"'

A.2.3 Adjoint preimage

Let X,Y,Z,U,V € R®*d%_ The adjoint preimage akron : R¥*d2 x Rd1xd2  Rdixdz _y Rdidzxdidzxd1d;
satisfies:
(akron(X,Y,Z) - U) -V = akron(X,Y) - (akron(U, V) - Z) + akron(X, Z) - (akron(U,V) - Y) + (129)
akron(Y, Z) - (akron(U, V) - X).
The elementwise definition is:
akron; (X, Y, Z) = XY i Zkn + Xk jYmaZin + XigZm,jYin + Xi,j ZmYin +
YiiZm i Xien + Y j 21 Xin +Yi i X jZkn + Yi j X 1 Zi o + (130)
Zi 1 Xm,i Yo + Zi i Xm 1 Yin + Zi 1Y j Xk + Zk i Ym 1 Xin-

A.2.4 Mixed preimage

Let Uy, Uy € S™, Vi, Vo € RUX42 . We define the mixed preimage mkron for three different cases of input
combinations.

Case 1: Let X,Z € S, Y € R4*%  then mkron : S x R4 xd2 » §d 5 Red(di)xsd(di)xdids gatisfies:

131a)

Us - (Uy - mkron(X,Y, Z)) = 4(mkron(X,Y) - (skron(Uy, Us) - Z) + mkron(Z,Y) - (skron(Uy, Us) - X)),
(
(131b)

(U - mkron(X,Y, 2)) - V4 = 2symm(X Uy symm(ZV1Y") + symm(XV,Y')U, Z).

The elementwise definition is:

(X, Y, Z) = p(i,5)p(k, ) (Xi kY1 nZjm + Xi 6 YjnZim + X5 n Zieom + X5 1Yo Zim +
XitYenZjm +Xi1tYinZim + XjpYinZim + Xk YinZim +
XimYinZip + XimYjnZig + XemYindj) + XimYenZi) +
XimYenZig+ XemYimZig + XimYinZjne + XimYinZj )

mkron; s 7 7y

(132)
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Case 2: Let X € S%,Y,Z € R“4%42_ then mkron : S x R¥1xd2 y Rd1xd2 _, Rsd(di)xdidaxdidz gatisfies:

(mkron(X,Y, Z) - Vi) - Vo = symm(X Vo (akron(Y', Z’) - V{) + Y V4 symm(X V1 Z') + ZV, symm(X V1Y),
(133a)
(Uy - mkron(X,Y, Z)) - Vi = 2(X symm(U1 ZV)Y + X symm(U1 Y V{)Z + akron(Y, Z) - (U1 XV7)). (133b)

The elementwise definition is:
XY, Z) = p(t, ) XimZknYj1 + XemZinYj1 + XikZm i Yjm + Xj e Zm1Yin +

XiemZiiYin + XjmZi i Yen + XimYenZjg + XemYinZj + (134)
Xi,kY;n,ZZj,n + Xj,kYm,lZi,n + Xk,m}/;,le,n + Xj,m}/;,le,n)-

mkrong 7 o (

Case 3: Let X,Y € S, Z € S%, then mkron : S% x §% x Sd2 — Rsd(d1)xdid2xdida gatisfieg:

(mkron(X,Y, Z) - Vi) - Vo = symm(X symm(V; ZV5)Y), (135a)
(Uy - mkron(X,Y, Z)) - Vi = 2symm (XU, Y)V1 Z. (135b)

The elementwise definition is:

mkron; 77(X7 Y, Z) = p(@j)Zl,n(Xi,kaj,m + Xj,k:Yvi,m + Xi,mYVj,k + Xj,myvi,k)- (136)

7.k, l,mun

A.3 Dot product-like operators
Let X € S¢, x = vec(X). We define:

sdot= 77(X) = zr7277, (137)

sdoti 77 mm(X) = 525 %mm, (138)

sdotkron; 7 7 (X) = x5 skrongy - (X) + agyskrong; 7n (X) + @mm skrong 77 (X). (139)
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