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Abstract

We give mathematical descriptions of some cone barriers and oracles for Hypatia’s predefined cones.
This document is a work in progress. It is not complete, up-to-date, or notationally consistent with our
code implementations (see Hypatia’s cones folder). It has not been thoroughly checked for mistakes and
typographical errors, and some results may be missing sources. Note that our code implementations of
most cone oracles are tested using automatic differentiation (see test/runconetests.jl).
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1 Notation
cl closure of a set
R, R≥, R>, R< the reals, nonnegative reals, positive reals, negative reals
Rd, Rd1×d2 the d-dimensional real vectors and d1-by-d2-dimensional real matrices
Sd, Sd�, Sd� symmetric, positive semidefinite, positive definite matrices of side d
JdK {1, 2, . . . , d}
Diag the diagonal matrix of a given vector
diag the diagonal vector of a given square matrix
I(d) identity matrix in Rd×d
ei ith unit vector
‖·‖p `p-norm (for p ≥ 1) of a vector
det determinant of a symmetric matrix
tr matrix trace
sd(d) equals d(d+1)

2
vec : Rd1×d2 → Rd1d2 maps matrices to vectors by stacking columns
matd1,d2 : Rd1d2 → Rd1d2 inverse of vec
vec : Sd → Rsd(d) maps matrices to vectors by stacking columns of the upper triangle, scales

off-diagonals by
√

2
mat : Rsd(d) → Sd inverse of vec
σi(·) ith largest singular value of a matrix
Wi,j , W ∈ Rd1×d2 component in row i, column j of W
wi,j , w ∈ Rd component of w corresponding to (possibly scaled) element mat(w)i,j
δ(i, j) or δ(i, j, k) Kronecker delta, takes value one if all inputs are equal and zero otherwise
ρ(i, j) takes value 1 if i = j and value

√
2 otherwise

symm, skron, gkron, akron, matrix operators defined in Appendix A
mkron, sdot, sdotkron
∇f the gradient vector of f
∇wif component of the gradient corresponding to wi
∇2
wi,wj

f component of the Hessian corresponding to wi and wj
∇3
wi,wj ,wk

f component of the third order derivative corresponding to wi, wj , and wk
∇−2
wi,wj

f component of the inverse Hessian corresponding to wi and wj

2 Cones and oracles
Hypatia’s cone interface allows the user to specify any primitive proper cone K ⊆ Rq by defining a small
list of oracles: an initial interior point t, a feasibility check, and gradients and Hessians of a logarithmically
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homogeneous self-concordant barrier (LHSCB) function f (with parameter ν) for K. Providing additional
oracles is optional; for many cones we omit description of some additional oracles in this reference.

The central point of a primitive proper cone K with LHSCB f satisfies t ∈ intK ∩ intK∗ and t = −∇f(t)
[Dahl and Andersen, 2022]. Alternatively, it is the unique solution to the strictly convex problem:

t = arg mins∈intK
(
f(s) + 1

2‖s‖
2
)
. (1)

For some cones, (1) does not have a simple closed form solution. In this case, if K is parametrized only by
its dimension, the central point depends only on the dimension, so we find an approximate central point by
interpolating using a nonlinear fit on a range of solutions obtained numerically offline. If we cannot find an
approximate central point, we use an initial interior point that may not be close to a central point.

2.1 Nonnegative cone
The self-dual nonnegative cone is:

K≥ = K∗≥ = R≥. (2)

For the LHSCB [Nesterov and Todd, 1997, section 2.1]:

f(w) = − log(w) (3)

of K≥, ν = 1, and t = e is a central point. Then:

∇wf = −w−1, (4a)

∇2
w,wf = w−2, (4b)

∇3
w,w,wf = −2w−3. (4c)

Hypatia uses non-primitive d dimensional nonnegative cones for efficiency.

2.2 Positive semidefinite cone
The self-dual positive semidefinite cone is:

K� = K∗� =
{
w ∈ Rsd(d) : W ∈ Sd�

}
, (5)

where W = mat(w). For the LHSCB [Nesterov and Todd, 1997, section 2.2]:

f(w) = − logdet(W ) (6)

of K�, ν = d, and t = vec(I(d)) is a central point. Then:

∇wi,j
f = − vec(W−1)i,j , (7a)

∇2
wi,j ,wk,l

f = skroni,j,k,l(W
−1), (7b)

∇3
wi,j ,wk,l,wm,n

f = − skroni,j,k,l,m,n(W−1). (7c)

2.3 Doubly nonnegative cone
The doubly nonnegative cone and its dual cone are:

KDNN =
{
w ∈ Rsd(d) : W ∈ Sd�,Wi,j ∈ R≥,∀i, j ∈ JdK

}
, (8a)

K∗DNN =
{
w ∈ Rsd(d) : ∃w1 ∈ KS� , w2 ∈ Rsd(d)

≥ , w = w1 + w2

}
, (8b)
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where W = mat(w). For the LHSCB (that is a sum of KR≥ and KS� barriers):

f(w) = − logdet(W )−
∑
j∈JdK,i∈Jj−1K log

(
wi,j

)
(9)

of KDNN, ν = sd(d), and a central point t is found by solving the polynomial system:

a+ (d−2)b√
2

= a
(
a2 + (n−2)ab√

2
− (n−1)b2

2

)
, (10a)

−b2 + a2 + (n−2)ab√
2
− (n−1)b2

2 = b2
(
a2 + (d−2)ab√

2
− (d−1)b2

2

)
, (10b)

for a and b and then letting wi,i = a,∀i ∈ JdK and wi,j = b,∀i > j. The values of a and b are functions of
the roots of the polynomial d2x6 −

(
2d2 + 8

)
x4 +

(
d2 + d+ 7

)
d2 − d− 1. Then:

∇wi,j
f = − vec(W−1)i,j −

∑
j∈JdK,i∈Jj−1Kw

−1

i,j
, (11a)

∇2
wi,j ,wk,l

f = skroni,j,k,l(W
−1) +

∑
j∈JdK,i∈Jj−1Kw

−2

i,j
, (11b)

∇3
wi,j ,wk,l,wm,n

f = − skroni,j,k,l,m,n(W−1)− 2
∑
j∈JdK,i∈Jj−1Kw

−3

i,j
. (11c)

2.4 Sparse positive semidefinite cone
Suppose S = ((il, jl))l∈Jd1K is a collection of row-column index pairs defining the lower triangle sparsity
pattern of a symmetric matrix of side dimension d2 (including all d2 diagonal elements). Note d2 ≤ d1 ≤
sd(d2). Let matS : Rd1 → Sd2 be the linear operator satisfying for all i ∈ Jd2K, j ∈ JiK:

(matS(w))i,j =


wl if i = il = j = jl,
wl√

2
if i = il 6= j = jl,

0 otherwise,
(12)

and for convenience let W = matS(w). The sparse PSD cone and its dual cone, that of PSD-completable
matrices, are:

KsPSD(S) =
{
w ∈ Rd1 : W ∈ Sd2�

}
, (13a)

K∗sPSD(S) =
{
w ∈ Rd1 : ∃v ∈ Rsd(d2)−d1 ,W + matS̄(v) ∈ Sd2�

}
, (13b)

where S̄ is the lower triangle inverse sparsity pattern of S (with dimension sd(d2) − d1). For the LHSCB
[Nesterov and Nemirovskii, 1994, Proposition 5.1.1]:

f(w) = − logdet(W ) (14)

of KsPSD(S), ν = d2 and tl = δ(il, jl),∀l ∈ Jd1K is a central point. Then:

∇wi,j
f = − vec(W−1)i,j , (15a)

∇2
wi,j ,wk,l

f = skroni,j,k,l(W
−1), (15b)

∇3
wi,j ,wk,l,wm,n

f = − skroni,j,k,l,m,n(W−1). (15c)

2.5 Linear matrix inequality cone
The linear matrix inequality cone, parametrized by d1 symmetric matrices Ai ∈ Sd2 ,∀i ∈ Jd1K, and its dual
cone are:

KLMI(A) =
{
w ∈ Rd1 :

∑
i∈Jd1KwiAi ∈ Sd2�

}
, (16a)
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K∗LMI(A) =
{
w ∈ Rd1 : ∃Z ∈ Sd2� , tr(A

′
iZ) = wi,∀i ∈ Jd1K

}
. (16b)

For the LHSCB [Nesterov and Nemirovskii, 1994, Proposition 5.1.1]:

f(w) = − logdet
(∑

i∈Jd1KwiAi
)

(17)

of KLMI(A), ν = d2, and t = e1 is a central point if A1 = I(d2) (Hypatia assumes A1 � 0, without loss of
modeling generality). Let Z =

∑
i∈JdKwiAi, then:

∇wif = − tr(Z−1Ai), (18a)

∇2
wi,wj

f = tr(Z−1AiZ
−1Aj), (18b)

∇3
wi,wj ,wk

f = −2 tr(Z−1AiZ
−1AjZ

−1Ak). (18c)

2.6 Infinity norm cone
The `∞ norm cone and its dual cone, the `1 norm cone, are:

K`∞ =
{

(u,w) ∈ R≥ × Rd : u ≥ ‖w‖∞
}
, (19a)

K∗`∞ =
{

(u,w) ∈ R≥ × Rd : u ≥ ‖w‖1
}
. (19b)

For the LHSCB [Güler, 1996, section 7.5]:

f(u,w) = (d− 1) log(u)−
∑
i∈JdK log

(
u2 − w2

i

)
(20)

of K`∞ , ν = 1 + d, and t =
√
νe1 is a central point. Let zi = u2 − w2

i ,∀i ∈ JdK, τi = u2 + w2
i ,∀i ∈ JdK, and

σ = 1−d
u2 +

∑
i∈JdK

2
τi
, then:

∇uf = d−1
u −

∑
i∈JdK

2u
zi
, (21a)

∇wi
f = 2wi

zi
, (21b)

∇2
u,uf = −d−1

u2 +
∑
i∈JdK

2τi
z2i
, (21c)

∇2
u,wi

f = −4uwi

z2i
, (21d)

∇2
wi,wj

f = δ(i, j) 2τi
z2i
, (21e)

∇3
u,u,uf = 2(d−1)

u3 +
∑
i∈JdK

4u
z3i

(
3zi − 4u2

)
, (21f)

∇3
u,u,wi

f = 4wi

z3i

(
4u2 − zi

)
, (21g)

∇3
u,wi,wj

f = −δ(i, j) 4u
z3i

(
zi + 4w2

i

)
, (21h)

∇3
wi,wj ,wk

f = δ(i, j, k) 4wi

z3i

(
3zi + 4w2

i

)
, (21i)

∇−2
u,uf = 1

σ , (21j)

∇−2
u,wi

f = 2uwi

στi
, (21k)

∇−2
wi,wj

f =
4u2wiwj

στiτj
+ δ(i, j)

z2i
2τi
. (21l)

Note that Hypatia implements additional oracles that use the arrowhead structure of the Hessian.

2.7 Euclidean norm cone
The self-dual Euclidean norm cone (second-order cone) is:

K`2 = K∗`2 =
{

(u,w) ∈ R≥ × Rd : u ≥ ‖w‖
}
. (22)
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For the LHSCB [Nesterov and Todd, 1997, section 2.3]:

f(u,w) = − log
(
u2 − ‖w‖2

)
(23)

of K`2 , ν = 2, and t =
√
νe1 is a central point. Let z = u2 − ‖w‖2, and τ = u2 + ‖w‖2, then:

∇uf = −2u
z , (24a)

∇wi
f = 2wi

z , (24b)

∇2
u,uf = 2τ

z2 , (24c)

∇2
u,wi

f = −4uwi

z2 , (24d)

∇2
wi,wj

f =
4wiwj

z2 + δ(i, j) 2
z , (24e)

∇3
u,u,uf = 12u

z2 −
16u3

z3 , (24f)

∇3
u,u,wi

f = 16u2wi

z3 − 4wi

z2 , (24g)

∇3
u,wi,wj

f =
−16uwiwj

z3 − δ(i, j) 4u
z2 , (24h)

∇3
wi,wj ,wk

f =
16wiwjwk

z3 + δ(i, j) 4wk

z2 + δ(i, j, k) 8wk

z2 (24i)

∇−2
u,uf = τ

2 , (24j)

∇−2
u,wi

f = uwi, (24k)

∇−2
wi,wj

f = wiwj + δ(i, j) z2 . (24l)

2.8 Euclidean norm-squared cone
The self-dual Euclidean norm-squared cone (rotated second-order cone) is:

Ksqr = K∗sqr =
{

(u, v, w) ∈ R≥ × R≥ × Rd : 2uv ≥ ‖w‖2
}
. (25)

For the LHSCB [Nesterov and Todd, 1997, section 2.3]:

f(u, v, w) = − log
(
2uv − ‖w‖2

)
(26)

of Ksqr, ν = 2, and t = e1 + e2 is a central point. Let z = uv − 1
2‖w‖

2, then:

∇uf = − vz , (27a)
∇wi

f = wi

z , (27b)

∇2
u,uf = v2

z2 , (27c)

∇2
u,vf = uv

z2 −
1
z , (27d)

∇2
u,wi

f = − vwi

z2 , (27e)

∇2
wi,wj

f =
wiwj

z2 + δ(i, j) 1
z , (27f)

∇3
u,u,uf = − 2v3

z3 , (27g)

∇3
u,u,vf = 2v

z2

(
1− uv

z

)
, (27h)

∇3
u,u,wi

f = 2v2wi

z3 , (27i)

∇3
u,v,wi

f =
(

2uv
z − 1

)
wi

z2 , (27j)

∇3
u,wi,wj

f = − 2vwiwj

z3 − δ(i, j) vz2 , (27k)

∇3
wi,wj ,wk

f =
2wiwjwk

z3 + δ(i, j)wk

z2 + δ(i, j, k) 2wk

z2 , (27l)

∇−2
u,uf = u2, (27m)
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∇−2
u,vf = uv − z, (27n)

∇−2
u,wi

f = uwi, (27o)

∇−2
wi,wj

f = wiwj + δ(i, j)z. (27p)

Note that the barrier and oracles are symmetric with respect to u and v.

2.9 Spectral norm cone
The spectral norm cone and its dual cone, the nuclear norm cone, are:

K`spec(d1,d2) =
{

(u,w) ∈ R≥ × Rd1d2 : u ≥ σ1(W )
}
, (28a)

K∗`spec(d1,d2) =
{

(u,w) ∈ R≥ × Rd1d2 : u ≥
∑
i∈Jd1Kσi(W )

}
, (28b)

where W = matd1,d2(w) ∈ Rd1×d2 and d1 ≤ d2 (nonrestrictive since σi(W ) = σi(W
′)). For the LHSCB

[Nesterov and Nemirovskii, 1994, section 5.4.6]:

f(u,w) = − log(u)− logdet
(
uI(d1)− WW ′

u

)
= (d1 − 1) log(u)− logdet

(
u2I(d1)−WW ′

)
(29)

of K`spec(d1,d2), ν = 1 + d1, and t =
√
νe1 is a central point. Let Z = u2I(d1) −WW ′, Θ = Z−1W , then:

∇uf = −2u tr(Z−1) + d1−1
u , (30a)

∇wi,j
f = 2Θi,j , (30b)

∇2
u,uf = 4u2 tr(Z−2)− 2 tr(Z−1)− d1−1

u2 , (30c)

∇2
u,wi,j

f = −4u(Z−1Θ)i,j , (30d)

∇2
wi,j ,wk,l

f = 2 gkroni,j,k,l
(
Z−1,W ′Θ + I(d2)

)
+ akroni,j,k,l(Θ), (30e)

∇3
u,u,uf = 12u tr(Z−2)− 16u3 tr(Z−3) + 2d1−1

u3 , (30f)

∇3
u,u,wi,j

f = 16u2
(
Z−2Θ

)
i,j
− 4
(
Z−1Θ

)
i,j
, (30g)

∇3
u,wi,j ,wk,l

f = −4u
(

gkroni,j,k,l
(
Z−2,W ′Θ + I(d2)

)
+ gkroni,j,k,l

(
Z−1,Θ′Θ

)
+ akroni,j,k,l

(
Θ, Z−1Θ

))
,

(30h)

∇3
wi,j ,wk,l,wm,n

f = 2 gkroni,j,k,l,m,n
(
Z−1,Θ,W ′Θ + I(d2)

)
+ 1

3 akroni,j,k,l,m,n(Θ). (30i)

2.10 Matrix square cone
The matrix square cone (or Siegel cone) and its dual cone are:

Kmatsqr(d1,d2) =
{

(u, v, w) ∈ Rsd(d1) × R≥ × Rd1d2 : U ∈ Sd1� , 2vU −WW ′ ∈ Sd1�
}
, (31a)

K∗matsqr(d1,d2) = cl
{

(u, v, w) ∈ Rsd(d1) × R× Rd1d2 : U ∈ Sd1� , 2v > tr(W ′U−1W )
}
, (31b)

where U = mat(u) ∈ Sd1 , W = matd1,d2(w) ∈ Rd1×d2 and d1 ≤ d2. For the LHSCB [Tunçel and Truong,
2004]:

f(u, v, w) = (d1 − 1) log(v)− logdet
(
2vU −WW ′

)
(32)

of Kmatsqr(d1,d2), ν = 1 + d1, and t = (vec(I(d1)), 1, 0) is a central point. Let U = mat(u), W = matd1,d2(w),
Z = 2vU −WW ′, Θ = Z−1W , and Φ = Z−1U , then:

∇ui,j
f = −2v vec(Z−1)i,j , (33a)

∇vf = −2 tr(Φ) + d1−1
v , (33b)
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∇wi,j
f = 2Θi,j , (33c)

∇2
ui,j ,uk,l

f = 4v2 skroni,j,k,l(Z
−1), (33d)

∇2
ui,j ,v

f = 2 vec
(
2vΦZ−1 − Z−1

)
i,j
, (33e)

∇2
ui,j ,wk,l

f = −2vmkroni,j,k,l
(
Z−1,Θ

)
, (33f)

∇2
v,vf = 4 tr(Φ2)− d1−1

v2 , (33g)

∇2
v,wi,j

f = −4(ΦΘ)i,j , (33h)

∇2
wi,j ,wk,l

f = 2 gkroni,j,k,l
(
Z−1,W ′Θ + I(d2)

)
+ akroni,j,k,l(Θ), (33i)

∇3
ui,j ,uk,l,um,n

f = −8v3 skroni,j,k,l,m,n(Z−1), (33j)

∇3
ui,j ,uk,l,v

f = 8v
(

skroni,j,k,l(Z
−1)− v skroni,j,k,l(ΦZ

−1, Z−1)
)
, (33k)

∇3
ui,j ,uk,l,wm,n

f = v2 mkroni,j,k,l,m,n
(
Z−1,Θ, Z−1

)
, (33l)

∇3
ui,j ,v,v

f = 8 vec
(
ΦZ−1 − 2vΦ2Z−1

)
i,j
, (33m)

∇3
ui,j ,v,wk,l

f = 2
(

mkroni,j,k,l
(
2vΦZ−1 − Z−1,Θ

)
+ 2vmkroni,j,k,l

(
Z−1,ΦΘ

))
, (33n)

∇3
ui,j ,wk,l,wm,n

f = −v
(

mkroni,j,k,l,m,n
(
Z−1,Θ,Θ

)
+ mkroni,j,k,l,m,n

(
Z−1, Z−1,W ′Θ + I(d1)

))
, (33o)

∇3
v,v,vf = −16 tr(Φ3) + 2d1−1

v3 , (33p)

∇3
v,v,wi,j

f = 16
(
Φ2Θ

)
i,j
, (33q)

∇3
v,wi,j ,wk,l

f = −4
(

gkroni,j,k,l
(
Z−1,W ′ΦΘ

)
+ gkroni,j,k,l

(
ΦZ−1,W ′Θ + I(d2)

)
+ akroni,j,k,l(Θ,ΦΘ)

)
,

(33r)

∇3
wi,j ,wk,l,wm,n

f = 2 gkroni,j,k,l,m,n
(
Z−1,Θ,W ′Θ + I(d2)

)
+ 1

3 akroni,j,k,l,m,n(Θ). (33s)

2.11 Generalized power cone
The generalized power cone, parametrized by α ∈ Rd1> such that

∑
i∈JdKαi = 1, and its dual cone are:

Kgpow(α) =
{

(u,w) ∈ Rd1+ × Rd2 :
∏
i∈Jd1Ku

αi
i ≥ ‖w‖

}
, (34a)

K∗gpow(α) =
{

(u,w) ∈ Rd1+ × Rd2 :
∏
i∈Jd1K

(
ui

αi

)αi ≥ ‖w‖
}
. (34b)

For the LHSCB [Roy and Xiao, 2022]:

f(u,w) = − log
(∏

i∈Jd1Ku
2αi
i − ‖w‖2

)
−
∑
i∈Jd1K(1− αi) log(ui) (35)

of Kgpow(α), ν = d1 + 1, and t =
(
(
√

1 + αi)i∈Jd1K, 0
)
is a central point. Let ϕ =

∏
i∈Jd1Ku

2αi
i , τi = 2αi

ui
,∀i ∈

Jd1K, and z =
∏
i∈Jd1Ku

2αi
i − ‖w‖2, then:

∇ui
f = − τiϕz −

1−αi

ui
, (36a)

∇wi
f = 2wi

z , (36b)

∇2
ui,uj

f =
τiτjϕ
z

(
ϕ
z − 1

)
+ δ(i, j)

(
τiϕ
zui

+ 1−αi

u2
i

)
, (36c)

∇2
ui,wj

f = − 2τiϕwj

z2 , (36d)

∇2
wi,wj

f =
4wiwj

z2 + δ(i, j) 2
z , (36e)

∇3
ui,uj ,uk

f = τiτjτk
ϕ
z

(
1− ϕ

z

)(
2ϕ
z − 1

)
+


3τ2

i ϕ
uz

(
1− ϕ

z

)
− (1− αi) 2

u3
i
− 2ϕτi

zu2
i

i = j = k,
τiτkϕ
ujz

(
1− ϕ

z

)
i = j 6= k,

0 otherwise,

(36f)
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∇3
ui,uj ,wk

f =
2τiτjϕwk

z2

(
2ϕ
z − 1

)
+ δ(i, j) 4τiϕ

2wk

z3ui
, (36g)

∇3
ui,wj ,wk

f =
−8wjwkτiϕ

z3 − δ(j, k) 2
z2 τiϕ, (36h)

∇3
wi,wj ,wk

f =
16wiwjwk

z3 +


12ui

z2 i = j = k,
4uk

z2 i = j 6= k,

0 otherwise.
(36i)

In addition, let:

k1 = 〈 α
∇uf

, αu 〉, (37a)

k2 = 1
2

(
1 + ‖w‖2

ϕ

)
+ k1

‖w‖2
z . (37b)

Then:

∇−2
ui,uj

f = −δ(i, j) ui

∇ui
f −

2‖w‖2
k2ζ

αi

∇ui
f

αj

∇uj
f , (38a)

∇−2
ui,wj

f = − 1
k2

αi

∇ui
fwj , (38b)

∇−2
wi,wj

f = δ(i, j) ζ2 −
2k1ϕ+zk2
k2(ϕ+‖w‖2)wiwj . (38c)

2.12 Power mean cone
The power mean cone, parametrized by powers α ∈ Rd> such that

∑
i∈JdKαi = 1, and its dual cone are:

Kpow(α) =
{

(u,w) ∈ R× Rd≥ : u ≤
∏
i∈JdKw

αi
i

}
, (39a)

K∗pow(α) =
{

(u,w) ∈ R≤ × Rd≥ : −u ≤
∏
i∈JdK

(
wi

αi

)αi
}
. (39b)

Since we have not seen a proof of (39b), we provide an outline here that is similar to Chares [2009, Theorem
4.3.1].

Lemma 1. The dual of Kpow(α) is given by (39b).

Proof. Let (u,w) ∈ Kpow(α), ϕ(w) =
∏
i∈JdKw

αi
i . For one direction, suppose (p, r) is in the set defined in

(39b). Then:

〈(u,w), (p, r)〉 = up+ 〈w, r〉 (40a)
≥ −uϕ( rα ) + 〈w, r〉 (40b)
≥ −ϕ(w)ϕ( rα ) + 〈w, r〉 (40c)
= −

∏
i∈JdK(

wiri
αi

)αi +
∑
i∈JdKαi

ri
αi
wi (40d)

≥ 0. (40e)

The last inequality follows from a weighted version of the arithmetic-mean-geometric-mean inequality [Chares,
2009, Page 128]. For the other direction, suppose 〈(u,w), (p, r)〉 ≥ 0. Suppose (u,w) is such that u = 0.
Then we are left with the condition 〈w, r〉 ≥ 0 for all w ∈ Rd≥, which means that r ∈ Rd≥ by self-duality of
Rd≥. Next, suppose with a view to contradict that p > 0. Note that if up + 〈w, r〉 ≥ 0, it must also hold
that ūp+ 〈w, r〉 ≥ 0 for an arbitrarily negative ū < u (which retains the condition (ū, w) ∈ Kpow(α)). So we
can find a sufficiently small ū such that ūp + 〈w, r〉 < 0, leading to a contradiction. Hence p < 0. Finally,
suppose that u =

∏
i∈JdKw

αi
i . Then:

〈(u,w), (p, r)〉 = −
∏
i∈JdKw

αi
i (−p) +

∑
i∈JdKαiwi

ri
αi
≥ 0. (41)

If −p > ϕ( rα ), the weighted version of the arithmetic-mean-geometric-mean inequality is violated. Hence
−p ≤ ϕ( rα ) and the second direction is proved.
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For the LHSCB [Nesterov, 2018, section 5.4.7]:

f(u,w) = − log
(∏

i∈JdKw
αi
i − u

)
−
∑
i∈JdK log(wi) (42)

of Kpow(α), ν = 1 + d, and t is obtained by interpolation. Let z =
∏
i∈JdKw

αi
i − u, ρ = z + u, and

τi = αi

wiz
,∀i ∈ JdK, then:

∇uf = 1
z , (43a)

∇wi
f = −ρτi − 1

wi
, (43b)

∇2
u,uf = 1

z2 , (43c)

∇2
u,wi

f = −ρτiz , (43d)

∇2
wi,wj

f = ρτiτju+ δ(i, j)
(
ρτi
wi

+ 1
w2

i

)
, (43e)

∇3
u,u,uf = 2

z3 , (43f)

∇3
u,u,wi

f = − 2ρτi
z2 , (43g)

∇3
u,wi,wj

f = ρτiτj
(

2ρ
z − 1

)
+ δ(i, j) τiρwiz

, (43h)

∇3
wi,wj ,wk

f = −uρτiτjτk
(
2u+ z

)
− δ(i, j)uρτiτjw − δ(i, j, k)

(
2ρτ
w

(
uτ + 1

w

)
+ 2

w3
i

)
. (43i)

In addition, if we let:

s0,i = 1 + αiρz
−1 ∀i ∈ JdK, (44a)

s1 =
∑
i∈JdK

α2
i

s0,i
, (44b)

s2 = 1− ρz−1s1, (44c)

we have that:

∇−2
u,uf = ζ(u,w)2 + s1

s2
u2, (45a)

∇−2
wi,uf = ρ

s2
αiwi

s0,i
, (45b)

∇−2
wi,wj

f = δ(i, j)
w2

i

s0,i
+ z−1ρ

s2
αiwi

s0,i

αjwj

tj
. (45c)

2.13 Geometric mean cone
In the special case α = d−1e, the power mean cone is equivalent to the geometric mean cone Kgeo, for which
we implement additional oracles.

Kgeo =
{

(u,w) ∈ R× Rd≥ : u ≤
∏
i∈JdKw

1/d
i

}
, (46a)

K∗geo =
{

(u,w) ∈ R≤ × Rd≥ : −u ≤ d
∏
i∈JdKw

1/d
i

}
. (46b)

For Kgeo, we use the central point t =
(
−
(

a
2(d+1)

)1/2
, b−d+2

2a
√
d+1

e
)
, where a = 3d−b+1 and b =

√
5d2 + 2d+ 1.

For the inverse Hessian:

∇−2
u,uf = z2 + ρ2

d , (47a)

∇−2
u,wi

f = wiρ
d , (47b)

∇−2
wi,wj

f = 1
dz+ρ

(
ρ
dwiwj + δ(i, j)dzw2

i

)
. (47c)

10



2.14 Root-determinant cone
The root-determinant cone and its dual cone are:

Krtdet =
{

(u,w) ∈ R× Rsd(d) : W ∈ Sd�, u ≤ (det(W ))1/d
}
, (48a)

K∗rtdet =
{

(u,w) ∈ R≤ × Rsd(d) : W ∈ Sd�,−u ≤ d(det(W ))1/d
}
, (48b)

where W = mat(w). For the LHSCB [Coey et al., 2021, Proposition 7.1]:

f(u,w) = − log
(
(det(W ))1/d − u

)
− logdet(W ) (49)

of Krtdet, ν = (1 + d), and t =
(
− c2,

(
d+1−c1

2d

)
c2 vec(I(d))

)
is a central point, where c1 = (5d2 + 2d+ 1)1/2

and c2 = 5
3

(
3d+1−c1
2(d+1)

)1/2. Let α = (det(W ))1/d and z = α− u and σ = 1
zdα, then:

∇uf = 1
z , (50a)

∇wi,j
f = −

(
σ + 1

)
vec(W−1)i,j , (50b)

∇2
u,uf = 1

z2 , (50c)

∇2
u,wi,j

f = −σz vec(W−1)i,j , (50d)

∇2
wi,j ,wk,l

f = −σ
(

1
d1
− σ

)
sdoti,j,k,l(W

−1) + (σ + 1) skroni,j,k,l(W
−1), (50e)

∇3
u,u,uf = 2

z3 , (50f)

∇3
u,u,wi,j

f = − 2σ
z2 vec(W−1)i,j , (50g)

∇3
u,wi,j ,wk,l

f = σ
z

((
2σ − 1

d

)
sdoti,j,k,l(W

−1) + skroni,j,k,l(W
−1)
)
, (50h)

∇3
wi,j ,wk,l,wm,n

f =
(
− σ

(
1
d − σ

)(
1
d − 2σ

)
sdoti,j,k,l,m,n(W−1) +

σ
(

1
d − σ

)
sdotkroni,j,k,l,m,n(W−1)− (σ + 1) skroni,j,k,l,m,n(W−1)

)
,

(50i)

∇−2
u,uf =

(
z2 + α2

d

)
, (50j)

∇−2
u,wi

f = wα
d , (50k)

∇−2
wi,j ,wk,l

f = 1
d(dz+α)

(
d2z skroni,j,k,l(W ) + α sdoti,j,k,l(W

−1)
)
. (50l)

2.15 Logarithm cone
The logarithm cone and its dual cone are:

Klog = cl
{

(u, v, w) ∈ R× R> × Rd> : u ≤
∑
i∈JdKv log

(
wi

v

)}
, (51a)

K∗log = cl
{

(u, v, w) ∈ R< × R× Rd> : v ≥
∑
i∈JdKu

(
log
(−wi

u

)
+ 1
)}
. (51b)

For the LHSCB [Coey et al., 2021, Proposition 6.1]:

f(u, v, w) = − log
(∑

i∈JdKv log
(
wi

v

)
− u
)
− log(v)−

∑
i∈JdK log(wi) (52)

of Klog, ν = d+ 2, and t is obtained by interpolation. Let z =
∑
i∈JdKv log

(
wi

v

)
−u, τ =

∑
i∈JdK log

(
wi

v

)
− d,

and σ = z + v(1 + d), then:

∇uf = 1
z , (53a)

∇vf = − τz −
1
v , (53b)

∇wi
f = − v

zwi
− 1

wi
, (53c)

∇u,uf = 1
z2 , (53d)
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∇u,vf = − τ
z2 , (53e)

∇u,wif = − v
z2wi

, (53f)

∇v,vf = τ2

z2 + d
vz + 1

v2 , (53g)

∇v,wi
f = τv

z2w −
1
wz , (53h)

∇wi,wj
f = v2

z2wiwj
+ δ(i, j)

(
v
zw2

i
+ 1

w2
i

)
, (53i)

∇u,u,uf = 2
z3 , (53j)

∇u,u,vf = − 2τ
z3 , (53k)

∇u,u,wi
f = − 2v

z3wi
, (53l)

∇u,v,vf = 2τ2

z3 + d
z2v , (53m)

∇u,v,wif = 2τv
z3wi

− 1
wiz2

, (53n)

∇u,wi,wj
f = 2v2

z3wiwj
+ δ(i, j) v

z2w2
i
, (53o)

∇v,v,vf = − 2τ3

z3 −
3τd
z2v −

d
zv2 −

2
v3 , (53p)

∇v,v,wi
f = − 2τ2v

z3wi
+ 2τ

z2wi
− d

wiz2
, (53q)

∇v,wi,wj
f = − 2v2τ

z3wiwj
+ 2v

z2 + δ(i, j)
(
− τv

z2w2
i

+ 1
w2

i z

)
, (53r)

∇wi,wj ,wk
f = − 2v3

z3wiwjwk
+


− 3v2

z2w3
i
− 2v

zw3
i
− 2

w3
i

i = j = k,

− v2

z2w2
iwk

i = j 6= k,

0 otherwise,

(53s)

∇−2
u,uf = (z + u)2 + z(σ − v)− dv

σ (2z + u)2, (53t)

∇−2
u,vf = v2σ−1((z + v)(τ + d)− dz), (53u)

∇−2
u,wi

f = 1
σvw(2z + u), (53v)

∇−2
v,vf = 1

σv
2(z + v), (53w)

∇−2
v,wi

f = 1
σv

2wi, (53x)

∇−2
wi,wj

f = 1
z+v

(
v2w2

σ + δ(i, j)w2
i z
)
. (53y)

2.16 Log-determinant cone
The log-determinant cone and its dual cone are:

Klogdet = cl
{

(u, v, w) ∈ R× R> × Rsd(d) : W ∈ Sd�, u ≤ v logdet
(
W
v

)}
, (54a)

K∗logdet = cl
{

(u, v, w) ∈ R< × R× Rsd(d) : W ∈ Sd�, v ≥ u
(

logdet
(−W

u

)
+ d
)}
, (54b)

where W = mat(w). For the LHSCB [Coey et al., 2021, Proposition 6.1]:

f(u, v, w) = − log
(
v logdet

(
W
v

)
− u
)
− log(v)− logdet(W ) (55)

of Klogdet, ν = d + 2, and t is obtained by interpolation on d. Let α = logdet
(
W
v

)
, z = vα − u, and

σ = z + v(d+ 1), then:

∇uf = 1
z , (56a)

∇vf = d−α
z −

1
v , (56b)

∇wi,j
f = −

(
v
z + 1

)
vec(W−1)i,j , (56c)

∇2
u,uf = 1

z2 , (56d)
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∇2
u,vf = d−α

z2 , (56e)

∇2
u,wi,j

f = − v
z2 vec(W−1)i,j , (56f)

∇2
v,vf =

(
α−d
z

)2
+ d

zv + 1
v2 , (56g)

∇2
v,wi,j

f = 1
z

( v(α−d)
z − 1

)
vec(W−1)i,j , (56h)

∇2
wi,j ,wk,l

f = v2

z2 sdoti,j,k,l(W
−1) + (1 + v

z ) skroni,j,k,l(W
−1), (56i)

∇3
u,u,uf = 2

z3 , (56j)

∇3
u,u,vf = − 2

z3 (α− d), (56k)

∇3
u,u,wi,j

f = − 2
z3 v vec(W−1)i,j , (56l)

∇3
u,v,vf = 2(α−d)2

z3 + d
z2v , (56m)

∇3
u,v,wi,j

f = 1
z

( 2v(α−d)
z2 − 1

z

)
vec(W−1)i,j , (56n)

∇3
u,wi,j ,wk,l

f = 2v2

z3 sdoti,j,k,l(W
−1) + v

z2 skroni,j,k,l(W
−1), (56o)

∇3
v,v,vf = d−α

z

( 2(α−d)2

z2 + 3d
vz

)
− d

v2z −
2
v3 , (56p)

∇3
v,v,wi,j

f = 1
z2

(
2(α− d)

(
vd−u
z

)
− d
)

vec(W−1)i,j , (56q)

∇3
v,wi,j ,wk,l

f =
(

1
z −

v(α−d)
z2

)(
2v
z sdoti,j,k,l(W

−1) + skroni,j,k,l(W
−1)
)
, (56r)

∇wi,j ,wk,l,wm,n
f = − 2v3

z3 sdoti,j,k,l,m,n
(
W−1

)
− v2

z2 sdotkroni,j,k,l,m,n(W−1)−
(
1 + v

z

)
skroni,j,k,l,m,n(W−1),

(56s)

∇−2
u,uf = (z + u)2 + z(σ − v)− dv

σ (2z + u)2, (56t)

∇−2
u,vf = v2σ−1((ζ + v)ϕ̂− dζ), (56u)

∇−2
u,wi,j

f = 1
σvwi,j(α+ z), (56v)

∇−2
v,vf = 1

σv
2(z + v), (56w)

∇−2
v,wi,j

f = 1
σv

2wi,j , (56x)

∇−2
wi,j ,wk,l

f = 1
z+v

(
v2

σ sdoti,j,k,l(W ) + z skroni,j,k,l(W )
)
. (56y)

2.17 Separable spectral function cone
See [Coey et al., 2021, Proposition 6.1] for more details. Suppose h : R> → R is a convex function. Let V
be a Jordan algebra with rank d and let Q be its cone of squares. h induces a separable spectral function
ϕ : Q → R, ϕ(w) =

∑
i∈JdK h(λi), where λi > 0 is the ith eigenvalue of w ∈ Q. The epigraph of the conic

hull of ϕ and its dual cone are:

Ksepspec = cl
{

(u, v, w) ∈ R× R> ×Q : u ≥ vϕ(w/v)
}
, (57a)

K∗sepspec = cl
{

(u, v, w) ∈ R> × R×R : v ≥ uϕ∗(w/u)
}
, (57b)

where R is the natural domain of ϕ∗.

Suppose Ksepspec has the LHSCB [Coey et al., 2021, Proposition 6.1]:

f(u, v, w) = − log(u− vϕ(w/v))− log(v)− logdet(w) (58)

with ν = 2 + d. Let P denote the quadratic form on V . We let ϕ̂ = ϕ(w/v) and we denote the derivatives
of ϕ at w/v as ∇ϕ, ∇2ϕ, ∇3ϕ. We let σ = ϕ̂−∇ϕ[w/v] and ζ = u− vϕ̂. Then:

∇uf = −ζ−1, (59a)
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∇vf = ζ−1σ − v−1, (59b)

∇wf = ζ−1∇ϕ− w−1, (59c)

∇2
u,uf = ζ−2, (59d)

∇2
v,uf = −ζ−2σ, (59e)

∇2
w,uf = −ζ−2∇ϕ, (59f)

∇2
v,vf = v−2 + ζ−2σ2 + v−1ζ−1∇2ϕ[w/v,w/v], (59g)

∇2
w,vf = ζ−2σ∇ϕ− v−1ζ−1∇2ϕ[w/v], (59h)

∇2
w,wf = ζ−2∇ϕ(∇ϕ)′ + v−1ζ−1∇2ϕ+ P (w−1). (59i)

2.18 Vector relative entropy cone
The relative entropy cone and its dual cone are:

Krelent = cl
{

(u, v, w) ∈ R× Rd> × Rd> : u ≥
∑
i∈JdKwi log

(
wi

vi

)}
, (60a)

K∗relent = cl
{

(u, v, w) ∈ R> × Rd> × Rd : wi ≥ u
(

log
(
u
vi

)
− 1
)
,∀i ∈ JdK

}
. (60b)

For the LHSCB [Karimi and Tunçel, 2020b, Section 1.4], [Karimi and Tunçel, 2020a, Appendix E]:

f(u, v, w) = − log
(
u−

∑
i∈JdKwi log

(
wi

vi

))
−
∑
i∈JdK

(
log(vi) + log(wi)

)
(61)

ofKrelent, ν = 1+2d, and t is obtained by interpolation. Let z = u−
∑
i∈JdKwi log

(
wi

vi

)
, σi = wi

zvi
,∀i ∈ JdK, τi =

−z−1
(

log
(
wi

vi

)
+ 1
)
,∀i ∈ JdK, αi = 1

z+2wi
,∀i ∈ JdK, βi = log

(
wi

vi

)
,∀i ∈ JdK, and γi =

∑
j∈JdK\{i}wjβj ,∀i ∈

JdK, then:

∇uf = − 1
z , (62a)

∇vif = −σi − 1
vi
, (62b)

∇wi
f = − 1

wi
− τi, (62c)

∇2
u,uf = 1

z2 , (62d)

∇2
u,vif = σi

z , (62e)

∇2
u,wi

f = τi
z , (62f)

∇2
vi,vjf = σiσj + δ(i, j)

(
σi

vi
+ 1

v2i

)
, (62g)

∇2
vi,wi

f = σiτi − 1
zvi
, (62h)

∇2
vi,wj

f = σiτj , (62i)

∇2
wi,wj

f = τiτj + δ(i, j)
(

1
zwi

+ 1
w2

i

)
, (62j)

∇3
u,u,uf = − 2

z3 , (62k)

∇3
u,u,vif = − 2σi

z2 , (62l)

∇3
u,u,wi

f = − 2τi
z2 , (62m)

∇3
u,vi,vjf = − 2σiσj

z − δ(i, j) σi

viz
, (62n)

∇3
u,vi,wj

f = − 2σiτj
z + δ(i, j) 1

viz2
, (62o)

∇3
u,wi,wj

f = − 2τiτj
z − δ(i, j) 1

wiz2
, (62p)

∇3
vi,vj ,vk

f = −2σiσjσk +


− 3σ2

i

vi
− 2σi

v2i
− 2

v3i
i = j = k,

−σiσk

v1
i = j 6= k,

0 otherwise,

(62q)
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∇3
vi,vj ,wk

f = −2σiσjτk +


1
v2i z
− τiσi

vi
+ 2σi

viz
i = j = k,

− τiσi

vi
i = j 6= k,

σi

vjz
i 6= j = k,

0 otherwise,

(62r)

∇3
vi,wj ,wk

f = −2σiτjτk +


2 τk
viz
− 1

viz2
i = j = k,

τk
viz

i = j 6= k,

− σi

wjz
i 6= j = k,

0 otherwise,

(62s)

∇3
wi,wj ,wk

f = −2τiτjτk +


− 3τk
wiz
− 1

w2
i z
− 2

w3
i

i = j = k,

− τk
wiz

i = j 6= k,

0 otherwise,
(62t)

∇−2
u,uf = z2 −

∑
i∈JdKαiwi(wiβi − z + τiz(z + zβi + wiβi)), (62u)

∇−2
u,vif = −viwiαi(u− γi − 2wiβi), (62v)

∇−2
u,wi

f = −w2
i αi(βiz + u− γi), (62w)

∇−2
vi,vjf = δ(i, j)v2

i αi(z + wi), (62x)

∇−2
vi,wj

f = δ(i, j)viw
2
i αi, (62y)

∇−2
wi,wj

f = δ(i, j)w2
i αi(z + wi). (62z)

Note that Hypatia implements additional oracles that use the block arrowhead structure of the inverse
Hessian.

2.19 Matrix relative entropy cone
The matrix relative entropy cone is:

Kmatrelent = cl
{

(u, v, w) ∈ R× Rsd(d) × Rsd(d) : V,W ∈ S�, u ≥ tr(W log(W ))− tr(W log(V ))
)}
, (63a)

where V = mat(v) and W = mat(w). We are not aware of a closed-form expression for the dual cone.

For the LHSCB:

f(u, v, w) = − logdet(V )− logdet(W )− log
(
u− tr(W log(W )) + tr(W log(V ))

)
(64)

of Kmatrelent, ν = 1 + 2d, and t is obtained by interpolation.

Let z = u−tr(W log(W ))+tr(W log(V )). We first give the derivatives of f in terms of derivatives of z:

∇uf = − 1
z , (65)

∇vi,jf = − 1
z

dz
dvi,j

− vec(V −1)i,j , (66)

∇wi,j
f = − 1

z
dz

dvi,j
− vec(W−1)i,j , (67)

∇2
u,uf = 1

z2 , (68)

∇2
u,vi,j

f = 1
z2

dz
dvi,j

, (69)

∇2
u,wi,j

f = 1
z2

dz
dwi,j

, (70)

∇2
vi,j ,vk,l

f = 1
z2

dz
dvi,j

dz
dvk,l

− 1
z

d2z
dvi,jdvk,l

+ skroni,j,k,l(V
−1), (71)

∇2
vi,j ,wk,l

f = 1
z2

dz
dvi,j

dz
dwk,l

− 1
z

d2z
dvi,jdwk,l

, (72)
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∇2
wi,j ,wk,l

f = 1
z2

dz
dwi,j

dz
dwk,l

− 1
z

d2z
dwi,jdwk,l

+ skroni,j,k,l(W
−1), (73)

∇3
u,u,uf = − 2

z3 , (74)

∇3
u,u,vi,j

f = − 2
z3

dz
dvi,j

, (75)

∇3
u,u,wi,j

f = − 2
z3

dz
dwi,j

, (76)

∇3
u,vi,j ,vk,l

f = − 2
z3

dz
dvi,j

dz
dvk,l

+ 1
z2

d2z
dvi,jdvk,l

, (77)

∇3
u,vi,j ,wk,l

f = − 2
z3

dz
dvi,j

dz
dwk,l

+ 1
z2

d2z
dvi,jdwk,l

, (78)

∇3
u,wi,j ,wk,l

f = − 2
z3

dz
dwi,j

dz
dwk,l

+ 1
z2

d2z
dwi,jdwk,l

+ skroni,j,k,l(W
−1), (79)

∇3
vi,j ,vk,l,vm,n

f = − 2
z3

dz
dvi,j

dz
dvk,l

dz
dvm,n

+ 1
z2 ( d2z

dvi,jdvm,n

dz
dvk,l

+ d2z
dvk,ldvm,n

dz
dvi,j

+ d2z
dvi,jdvk,l

dz
dvm,n

)− (80)

1
z

d3z
dvi,jdvk,ldvm,n

− skroni,j,k,l,m,n(V −1), (81)

∇3
vi,j ,vk,l,wm,n

f = − 2
z3

dz
dwm,n

dz
dvi,j

dz
dvk,l

+ 1
z2 ( d2z

dvi,jdwm,n

dz
dvk,l

+ d2z
dvi,jdwm,n

dz
dvi,j

+ d2z
dvi,jdvk,l

dz
dwm,n

)− (82)

1
z

d3z
dvi,jdvk,ldwm,n

, (83)

∇3
vi,j ,wk,l,wm,n

f = − 2
z3

dz
dvi,j

dz
dwk,l

dz
dwm,n

+ 1
z2 ( d2z

dvi,jdwm,n

dz
dwk,l

+ d2z
dwk,ldwm,n

dz
dvi,j

+ d2z
dvi,jdwk,l

dz
dwm,n

), (84)

∇3
wi,j ,wk,l,wm,n

f = − 2
z3

dz
dwi,j

dz
dwk,l

dz
dwm,n

+ 1
z2 ( d2z

dwi,jdwm,n

dz
dwk,l

+ d2z
dwk,ldwm,n

dz
dwi,j

+ d2z
dwi,jdwk,l

dz
dwm,n

)− (85)

1
z

d3z
dwi,jdwk,ldwm,n

− skroni,j,k,l,m,n(w−1). (86)

Let us describe the derivatives of z. Let GV , GW be matrices containing the eigenvectors of V and W as
columns, and let Γ[i],V ,Γ[i],W be the ith divided difference matrices of log(V ) and log(W ). Γ[1] and Γ[2] are
described by Faybusovich and Zhou [2019]. For a vector of eigenvalues g, Γ[3] is given by:

Γ
[3]
i,j,k,l =



1
3g3i

gi = gj = gk = gl,

Γ
[2]
i,i,i−Γ

[2]
i,i,j

gi−gj gi = gk = gl,

Γ
[2]
i,i,j−Γ

[2]
i,j,k

gi−gk gi = gl,
Γ
[2]
j,k,l−Γ

[2]
i,j,k

gl−gi otherwise.

(87)

Following Faybusovich and Zhou [2019], let W̃ = G′VWGV . Then:

dz
dvi,j

= vec(GV (W̃ ◦ Γ[1],V )G′V )i,j , (88a)
dz

dwi,j
= − vec(I + log(W )− log(V ))i,j . (88b)

Let δ ∈ Rsd(d) be an arbitrary direction and ∆ = mat(δ). Also let ∆̃V = G′V ∆GV and ∆̃W = G′W∆GW .
The second and third derivatives of z are the operators that satisfy:

d2z
dv2 [δ] = vec

(
GV symm

(
[(Γ

[2],V
:,:,k ◦ W̃ )∆̃V

:,k]k∈JdK
)
G′V
)
, (89a)

d2z
dvdw [δ] = vec

(
GV (∆̃V ◦ Γ[1],V )G′V

)
, (89b)

d2z
dw2 [δ] = − vec

(
GW (∆̃W ◦ Γ[1],W )G′W

)
, (89c)

d3z
dv3 [δ, δ] = vec

(
GV
[∑

k,l∈JdKΓ
[3],V
i,j,k,l(∆̃

V
k,l∆̃

V
l,jW̃i,k + ∆̃V

k,l∆̃
V
l,iW̃j,k + ∆̃V

k,i∆̃
V
l,jW̃k,l)

]
i,j∈JdKG

′
V

)
, (89d)

d3z
dv2dw [δ, δ] = 2 vec

(
GV
[∑

k∈JdK∆̃
V
p,k∆̃V

k,qΓ
[2],V
p,q,k

]
p,q∈JdKG

′
V

)
, (89e)
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d3z
dvdw2 [δ, δ] = 0, (89f)

d3z
dw3 [δ, δ] = −2 vec

(
GW

[∑
k∈JdK∆̃

W
p,k∆̃W

k,qΓ
[2],W
p,q,k

]
p,q∈JdKG

′
W

)
. (89g)

(89a) comes from Faybusovich and Zhou [2019, Section 4.1.1], which gives a formula for the Hessian of
tr(C log(W )) in terms of a sparse matrix they call S. The action of S can be interpreted (for real and
complex cases) as symmetrized matrix multiplication. For each column (and then row) k of ∆̃, we apply
Γ

[2],V
:,:,k ◦ W̃ and stack the results.

2.20 Polynomial weighted sum-of-squares cone
Given matrices Pr ∈ Rd×sr ,∀r ∈ JNK, which are derived from basis polynomials evaluated at d interpolation
points as described by Papp and Yildiz [2019], the interpolant-basis polynomial weighted sum-of-squares
(WSOS) cone and its dual cone are:

KSOS(P ) =
{
w ∈ Rd : ∃Sr ∈ Ssr� ,∀r ∈ JNK, w =

∑
r∈JNK diag

(
PrSrP

′
r

)}
, (90a)

K∗SOS(P ) =
{
w ∈ Rd : Z(r) ∈ Ssr� ,∀r ∈ JNK

}
, (90b)

where Z(r) = P ′r Diag(w)Pr,∀r ∈ JNK. For the LHSCB [Nesterov, 2000, Papp and Yildiz, 2019]:

f(w) = −
∑
r∈JNK logdet

(
Z(r)

)
(91)

of K∗SOS(P ) (note this is the dual cone), ν =
∑
r∈JNKsr, and t = e is a feasible point if the interpolation

points are contained in the polynomial domain defined by P (assumed by default, else the user can pass in
an known initial point). Let T (r) = PrZ(r)−1P ′r,∀r ∈ JNK, then:

∇wi
f = −

∑
r∈JNKT (r)i,i, (92a)

∇2
wi,wj

f =
∑
r∈JNK

(
T (r)i,j

)2
, (92b)

∇3
wi,wj ,wk

f = −2
∑
r∈JNKT (r)i,jT (r)j,kT (r)k,i. (92c)

2.21 Polynomial WSOS positive semidefinite cone
Given matrices Pr ∈ Rd2×sr ,∀r ∈ JNK defined as previously for KSOS(P ), and given a side dimension d1 of a
symmetric matrix of polynomials (all using the same interpolant basis, for simplicity), the WSOS positive
semidefinite cone and its dual cone are:

KmatSOS(P ) =

{
w ∈ Rsd(d1)d2 : ∃Sr ∈ Sd1sr� ,∀r ∈ JNK,

wi,j = ρ(i, j)
∑
r∈JNK diag

(
Pr(Sr)i,jP

′
r

)
,∀i ∈ Jd1K, j ∈ JiK

}
, (93a)

K∗matSOS(P ) =
{
w ∈ Rsd(d1)d2 : Z(r) ∈ Sd1sr� ,∀r ∈ JNK

}
, (93b)

where wi,j ∈ Rd2 is the contiguous slice of w corresponding to the interpolant basis values for the polynomial
in the (i, j)th position of the lower triangle of the polynomial matrix, (S)i,j is the (i, j)th block in a symmetric
block matrix S with square blocks of equal dimensions, and:

Z(r) =
[
P ′r Diag

(
wi,j

)
Pr
]
i,j∈Jd1K, (94)

where [g(wi,j)]i,j∈Jd1K is the symmetric block matrix with g(wi,j) in the (i, j)th block. For the LHSCB
[Kapelevich et al., 2021]:

f(w) = −
∑
r∈JNK logdet

(
Z(r)

)
(95)

of K∗matSOS(P ), ν = d1

∑
r∈JNKsr, and t given by the w satisfying:

wi,j,p =

{
1, i = j,

0, otherwise,
(96)
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is a feasible point if the interpolation points are contained in the polynomial domain defined by P . Let:

T (r, p, q) =
[(
Pr(Z(r)−1)i,jP

′
r

)
p,q

]
i,j∈Jd1K

, (97)

then:

∇wi,j,p
f = −

∑
r∈JNKρ(i, j)T (r, p, p)i,j , (98a)

∇2
wi,j,p,wk,l,q

f =
∑
r∈JNK skroni,j,k,l(T (r, p, q)), (98b)

∇3
wi,j,p,wk,l,q,wm,n,s

f = −
∑
r∈JNK skroni,j,k,l,m,n(T (r, q, p), T (r, p, s), T (r, s, q)). (98c)

2.22 Polynomial WSOS L1 norm cone
Given matrices Pr ∈ Rd2×sr ,∀r ∈ JNK defined as previously for KSOS(P ), and given a side dimension d1 + 1
of a vector of polynomials (all using the same interpolant basis, for simplicity), the WSOS `1 norm cone and
its dual cone are:

K`1 SOS(P ) =
{
w ∈ Rd1d2 : ∃v2, . . . , vd1 ∈ Rd2 , (vi, wi) ∈ KSOS `2(P ),∀i ∈ 2, . . . , d, w1 =

∑
i∈2,...,dvi

}
, (99a)

K∗`1 SOS(P ) =
{
w ∈ Rd1d2 : (w1, wi) ∈ K∗SOS `2(P ),∀i ∈ 2, . . . , d

}
, (99b)

where wi ∈ Rd2 is the contiguous slice of w corresponding to the interpolant basis values for the polynomial
in the ith position the polynomial vector, and:

Z(r, k) =

[
P ′r diag(w1)Pr P ′r diag(wk)Pr
P ′r diag(wk)Pr P ′r diag(w1)Pr

]
, ∀k ∈ 2, . . . , d1. (100)

For the LHSCB [Kapelevich et al., 2021]:

f(w) =
∑
r∈JNK

∑
k∈2,...,d1

− logdetZ(r, k)1,1 − Z(r, k)1,2Z(r, k)−1
1,1Z(r, k)1,2 − logdet

(
P ′r diag(w1)Pr

)
(101)

=
∑
r∈JNK

∑
k∈2,...,d1

− logdetZ(r, k) + (d1 − 2) logdet
(
P ′r diag(w1)Pr

)
(102)

of K∗`1 SOS(P ), ν = m
∑
r∈JNKsr and t given by w satisfying:

wi,p =

{
1, i = 1,

0, otherwise,
(103)

is a feasible point if the interpolation points are contained in the polynomial domain defined by P . Let:

Q(r, k, i) =
(
PrZ(r, k)P ′r

)
1,i
, i ∈ J2K, k ∈ 2, . . . , d1. (104)

The gradient and Hessian of the barrier are:

∇wi,pf =

{
−2
∑
k∈2,...,d1

Q(r, k, 1)p,p + (d1 − 2)
(
Pr
(
P ′r diag(w1)Pr

)−1
P ′r
)
p,p
, i = 1,

−2Q(r, i, 2)p,p, i 6= 1,
(105)

∇wi,p,wj,q
f =


2
∑
k∈2,...,d1

∑
l∈{1,2}

(
Q(r, k, l)p,q

)2 − (d1 − 2)
((
Pr
(
P ′r diag(w1)Pr

)−1
P ′r
)
p,q

)2

, i = j = 1,

4Q(r, i, 1)p,qR(r, i, 2)p,q, i = 1 or j = 1

2
∑
k∈{1,2}

(
Q(r, i, k)p,q

)2
, i = j 6= 1

0, otherwise.
(106)
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2.23 Polynomial WSOS L2 norm cone
Given matrices Pr ∈ Rd2×sr ,∀r ∈ JNK defined as previously for KSOS(P ), and given a side dimension d1 of a
vector of polynomials (all using the same interpolant basis, for simplicity), the WSOS `2 norm cone and its
dual cone are:

K`2 SOS(P ) =

{
w ∈ Rd1d2 : ∃Sr ∈ Sd1sr� ,∀r ∈ JNK, w1 =

∑
r∈JNK

∑
i∈Jd1K diag

(
Pr(Sr)i,iP

′
r

)
wi =

∑
r∈JNK diag

(
Pr
(
(Sr)i,1 + (Sr)

′
i,1

)
P ′r
)
,∀i ∈ 2, . . . , d1

}
, (107a)

K∗`2 SOS(P ) =
{
w ∈ Rd1d2 : Z(r)1,1 −

∑
i∈2,...,d1

Z(r)1,iZ(r)−1
1,1Z(r)i,1 ∈ Sd1sr� ,∀r ∈ JNK

}
, (107b)

where wi ∈ Rd2 is the contiguous slice of w corresponding to the interpolant basis values for the polynomial
in the ith position the polynomial vector, (S)i,j is the (i, j)th block in a symmetric block matrix S with
square blocks of equal dimensions, and:

Z(r)i,j =


P ′r Diag(w1)Pr, i = j,

P ′r Diag(wj)Pr, i = 1, j 6= 1,

P ′r Diag(wi)Pr, i 6= 1, j = 1,

0, otherwise.

(108)

For the LHSCB [Kapelevich et al., 2021]:

f(w) =
∑
r∈JNK

(
− logdet(Z(r)) + (d1 − 2) logdet

(
P ′r diag(w1)Pr

))
(109)

of K∗`2 SOS(P ), ν = 2
∑
r∈JNKsr and t given by w satisfying:

wi,p =

{
1, i = 1,

0, otherwise,
(110)

is a feasible point if the interpolation points are contained in the polynomial domain defined by P . Let:

R(r, i, j) =
(
Pr
(
Z(r)−1

)
i,j
P ′r

)
. (111)

∇wi,pf =

{
−
∑
r∈JNK

∑
j∈J1..mKR(r, j, j)p,p + (d1 − 2)

(
Pr
(
P ′r diag(w1)Pr

)−1
P ′r
)
p,p
, i = 1,

−2
∑
r∈JNKR(r, i, 1)p,p, i 6= 1,

(112a)

∇wi,p,wj,q
f =



∑
r∈JNK

∑
k∈Jd1K

∑
l∈Jd1K

(
R(r, k, l)u,u′

)2 − (d1 − 2)
((
Pr
(
P ′r diag(w1)Pr

)−1
P ′r
)
p,q

)2

, i = j = 1,

2
∑
r∈JNK

∑
k∈Jd1KR(r, k, 1)p,qR(r, k, j)p,q, i = 1, j 6= 1,

2
∑
r∈JNK

∑
k∈Jd1KR(r, 1, k)p,qR(r, i, k)p,q, i 6= 1, j = 1,

2
∑
r∈JNK

(
R(r, 1, 1)p,qR(r, i, j)p,q +R(r, i, 1)p,qR(r, 1, j)p,q

)
, i 6= 1, j 6= 1.

(113a)

A Matrix operators
We define several operators that are convenient for expressing derivatives of barrier functions for matrix
cones. For brevity, we overload the operators below if all inputs are the same, e.g. skroni,j,k,l(X) =

skroni,j,k,l(X,X). We define the symmetrizing operator symm : Rd×d → Ssd(d) as:

symm(X) = X +X ′. (114)
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A.1 Two-input Kronecker-like products
If M ∈ Rd1×d2 is a Kronecker-like product of two matrices, and U ∈ Rd3×d4 and V ∈ Rd5×d6 are matrices
such that d3, d4 = d1 and d5, d6 = d2, then U ·M and M · V are the matrices:

U ·M = mat(M ′ vec(U)), (115a)
M · V = mat(M vec(V )). (115b)

A.1.1 Symmetric preimage

Let X,Y ∈ Rd×d, U ∈ Sd. The symmetric preimage skron : Rd×d×Rd×d → Ssd(d) (c.f. Alizadeh et al. [1998,
Appendix]) satisfies:

skron(X,Y ) · U = 1
2 symm(XUY ′). (116)

The elementwise definition is:

skroni,j,k,l(X,Y ) = 1
4ρ(i, j)ρ(k, l)(Xi,kYj,l +Xi,lYj,k +Xj,lYi,k +Xj,kYi,l). (117)

A.1.2 General preimage

Let X ∈ Rd1×d1 , Y ∈ Rd2×d2 , U ∈ Rd1×d2 . The general preimage gkron : Rd1×d1 × Rd2×d2 → Rd1d2×d1d2
satisfies:

gkron(X,Y ) · U = XUY ′. (118)

The elementwise definition is:
gkroni,j,k,l(X,Y ) = Xi,kYj,l. (119)

A.1.3 Adjoint preimage

Let X,Y, U ∈ Rd1×d2 . The adjoint preimage akron : Rd1×d2 × Rd1×d2 → Rd1d2×d1d2 satisfies:

akron(X,Y ) · U = XU ′Y + Y U ′X. (120)

The elementwise definition is:

akroni,j,k,l(X,Y ) = Xi,lYk,j +Xk,jYi,l. (121)

A.1.4 Mixed preimage

Let X,U ∈ Sd1 , Y, V ∈ Rd1×d2 . The output of the mixed preimage mkron : Sd1 × Rd1×d2 → Rsd(d1)×d1d2

is not square, and we arbitrarily choose the number of rows to equal the dimension of the first input. The
operator mkron satisfies:

U ·mkron(X,Y ) = 2XUY, (122a)
mkron(X,Y ) · V = symm(XV Y ′). (122b)

The elementwise definition is:

mkroni,j,k,l(X,Y ) = ρ(i, j)(Xi,kYj,l +Xj,kYi,l). (123)

A.2 Three-input Kronecker-like products
If M ∈ Rd1×d2×d3 is a Kronecker-like product of three matrices, let matd4,d5(M) ∈ Rd4×d5 be a reshaped
representation of M obtained by stacking columns so that d1d2d3 = d4d5. Let U ∈ Rd4×d5 and V ∈ Rd6×d7
be matrices such that d4d5 = d1 and d6d7 = d3, then U ·M and M · V are the matrices:

U ·M = matd2,d3(matd1,d2d3(M)′ vec(U)), (124a)
M · V = matd1,d2(matd1d2,d3(M) vec(V )). (124b)
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A.2.1 Symmetric preimage

Let X,Y, Z ∈ Rd×d, U, V ∈ Sd. The symmetric preimage skron : Rd×d × Rd×d × Rd×d → Rsd(d)×sd(d)×sd(d)

satisfies:
(skron(X,Y, Z) · U) · V = symm(XUY V Z). (125)

The elementwise definition is:

skroni,j,k,l,m,n(X,Y, Z) = 1
4ρ(i, j)ρ(k, l)ρ(m,n)(Xi,nYk,jZm,l +Xj,nYk,iZm,l +Xi,nYl,jZm,k +

Xj,nYl,iZm,k +Xi,mYk,jZn,l +Xj,mYk,iZn,l +Xi,mYl,jZn,k +Xj,mYl,iZn,k).

(126)

A.2.2 General preimage

Let X ∈ Rd1×d1 , Z ∈ Rd2×d2 , Y,U, V ∈ Rd1×d2 . The general preimage gkron : Rd1×d1 × Rd1×d2 × Rd2×d2 →
Rd1d2×d1d2×d1d2 satisfies:

(gkron(X,Y, Z) ·U) · V = gkron(X,Z) · (akron(U, V ) · Y ) +X symm(UZ ′V ′)Y + Y symm(U ′X ′V )Z. (127)

The elementwise definition is:

gkroni,j,k,l(X,Y, Z) = Xi,mYk,nZj,l +Xk,mYi,nZj,l +Xi,kYm,jZl,n +

Xi,kYm,lZj,n +Xi,mYk,jZl,n +Xk,mYi,lZj,n.
(128)

A.2.3 Adjoint preimage

Let X,Y, Z, U, V ∈ Rd1×d2 . The adjoint preimage akron : Rd1×d2 × Rd1×d2 × Rd1×d2 → Rd1d2×d1d2×d1d2
satisfies:

(akron(X,Y, Z) · U) · V = akron(X,Y ) · (akron(U, V ) · Z) + akron(X,Z) · (akron(U, V ) · Y ) +

akron(Y,Z) · (akron(U, V ) ·X).
(129)

The elementwise definition is:

akroni,j,k,l(X,Y, Z) = Xi,lYm,jZk,n +Xk,jYm,lZi,n +Xi,lZm,jYk,n +Xk,jZm,lYi,n +

Yi,lZm,jXk,n + Yk,jZm,lXi,n + Yi,lXm,jZk,n + Yk,jXm,lZi,n +

Zi,lXm,jYk,n + Zk,jXm,lYi,n + Zi,lYm,jXk,n + Zk,jYm,lXi,n.

(130)

A.2.4 Mixed preimage

Let U1, U2 ∈ Sd1 , V1, V2 ∈ Rd1×d2 . We define the mixed preimage mkron for three different cases of input
combinations.

Case 1: Let X,Z ∈ Sd1 , Y ∈ Rd1×d2 , then mkron : Sd1 × Rd1×d2 × Sd1 → Rsd(d1)×sd(d1)×d1d2 satisfies:

U2 · (U1 ·mkron(X,Y, Z)) = 4(mkron(X,Y ) · (skron(U1, U2) · Z) + mkron(Z, Y ) · (skron(U1, U2) ·X)),
(131a)

(U1 ·mkron(X,Y, Z)) · V1 = 2 symm(XU1 symm(ZV1Y
′) + symm(XV1Y

′)U1Z). (131b)

The elementwise definition is:

mkroni,j,k,l,m,n(X,Y, Z) = ρ(i, j)ρ(k, l)(Xi,kYl,nZj,m +Xi,kYj,nZl,m +Xj,lYi,nZk,m +Xj,lYk,nZi,m +

Xi,lYk,nZj,m +Xi,lYj,nZk,m +Xj,kYi,nZl,m +Xj,kYl,nZi,m +

Xj,mYl,nZi,k +Xl,mYj,nZi,k +Xk,mYi,nZj,l +Xi,mYk,nZj,l +

Xj,mYk,nZi,l +Xk,mYj,nZi,l +Xl,mYi,nZj,k +Xi,mYl,nZj,k).

(132)
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Case 2: Let X ∈ Sd1 , Y, Z ∈ Rd1×d2 , then mkron : Sd1 × Rd1×d2 × Rd1×d2 → Rsd(d1)×d1d2×d1d2 satisfies:

(mkron(X,Y, Z) · V1) · V2 = symm(XV2(akron(Y ′, Z ′) · V ′1) + Y V ′2 symm(XV1Z
′) + ZV ′2 symm(XV1Y

′)),
(133a)

(U1 ·mkron(X,Y, Z)) · V1 = 2(X symm(U1ZV
′
1)Y +X symm(U1Y V

′
1)Z + akron(Y, Z) · (U1XV1)). (133b)

The elementwise definition is:

mkroni,j,k,l,m,n(X,Y, Z) = ρ(i, j)(Xi,mZk,nYj,l +Xk,mZi,nYj,l +Xi,kZm,lYj,n +Xj,kZm,lYi,n +

Xk,mZi,lYj,n +Xj,mZi,lYk,n +Xi,mYk,nZj,l +Xk,mYi,nZj,l +

Xi,kYm,lZj,n +Xj,kYm,lZi,n +Xk,mYi,lZj,n +Xj,mYi,lZk,n).

(134)

Case 3: Let X,Y ∈ Sd1 , Z ∈ Sd2 , then mkron : Sd1 × Sd1 × Sd2 → Rsd(d1)×d1d2×d1d2 satisfies:

(mkron(X,Y, Z) · V1) · V2 = symm(X symm(V1ZV
′
2)Y ), (135a)

(U1 ·mkron(X,Y, Z)) · V1 = 2 symm(XU1Y )V1Z. (135b)

The elementwise definition is:

mkroni,j,k,l,m,n(X,Y, Z) = ρ(i, j)Zl,n(Xi,kYj,m +Xj,kYi,m +Xi,mYj,k +Xj,mYi,k). (136)

A.3 Dot product-like operators
Let X ∈ Sd, x = vec(X). We define:

sdoti,j,k,l(X) = xi,jxk,l, (137)

sdoti,j,k,l,m,n(X) = xi,jxk,lxm,n, (138)

sdotkroni,j,k,l,m,n(X) = xi,j skronk,l,m,n(X) + xk,l skroni,j,m,n(X) + xm,n skroni,j,k,l(X). (139)
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